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Abstract

The multiconfiguration methods are the natural generalization of the
well-known Hartree-Fock theory for atoms and molecules. By a varia-
tional method, we prove the existence of a minimum of the energy and
of infinitely many solutions of the multiconfiguration equations, a finite
number of them being interpreted as excited states of the molecule. Our
results are valid when the total nuclear charge Z exceeds N — 1 (N is the
number of electrons) and cover most of the methods used by chemists.
The saddle points are obtained with a min-max principle; we use a Palais-
Smale condition with Morse-type information and a new and simple form
of the Euler-Lagrange equations.

1 Introduction

We want to prove here some results concerning the multiconfiguration (MC)
methods in molecular quantum chemistry.

Under the Born-Oppenheimer approximation, the non-relativistic quantum
energy of N electrons interacting with M static nuclei is given by

N
= = 1 x 2 I, X 2 X
En(T) = (U, 1Y) = }/R (517 9@P + Vi) () d

cy P 0

1<i<j<N 3N ‘J}z — acj]
where x = (1, ...,xy5) € (R?)V, and V is the purely Coulombic potential

M

Vi) = =30 2

m=1

Zm > 0 and Z,, € R? being the charge and position of each of the M nuclei.
In the formula (1), ¥ € H!(R3V R) is such that |¥|;> = 1. The subscript
a on the Sobolev space H} indicates that we consider functions ¥ which are
antisymmetric under interchanges of variables (expression of the Pauli exclusion
principle):
Vo € Sy, V(z1..xn) = €(0) ¥ (251 To(n)) A€
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‘H is the purely Coulombic N-body Hamiltonian

H:é<—;%+vw>>+ > |_1%‘

1<ig<N 1T
For the sake of simplicity, we restrict ourselves to real-valued functions and
do not take the spin into account. Of course, everything in this article can be
trivially adapted to the case of complex-valued (spin-dependent) functions. In
what follows, we denote by Z = Z%:l zm the total nuclear charge. We refer
the reader to [4, 21] for a description of this model and a detailed explanation
of the Born-Oppenheimer approximation.

The form of the spectrum of H is known (see for instance the review [14]):
it is bounded from below, o.s5(H) = [£; +00) where ¥ < 0, and each potential
eigenvalue lies in (—o0;0]. The N-body ground state energy is the minimum of
o(H) also defined by

Eyn = inf{Ex(V), ¥ € HL(R3Y), [ W] p2geny = 1}. (2)

The condition En < X translates the physical property of the nuclei being able
to bind the N electrons in their vicinity. In agreement with intuition, this is
false when Z is not sufficiently large. Zhislin showed in [33] (see also [9]) that
when Z > N — 1,

oc(H)={En =AM <A< <Ay <+ PU[E; +00)

where (\;)i>1 are eigenvalues strictly below ¥ and whose eigenfunctions are
called excited states. Throughout this article, we shall always assume that
Z >N —1.

From the practical point of view, the determination of a minimum for (2) is
the main goal we need to achieve in order to understand the molecular structure,
but the computation of excited states is also important: they occur when the
molecule gets an excess of energy, that could then be lost in a number of ways.
Chemical reactions also often ensue after an initial electronic transition. Since
the model contains no empirical parameter (this is an ”"ab initio” theory), it
might be thought that very accurate results could be obtained.

Unfortunately, the numerical computation of a minimum (and a fortiori ex-
cited states) is extremely difficult, due to the excessive dimension of the space
R3N on which the wavefunctions are defined. This is why chemists have intro-
duced some simplification of (2). One of them is based on a reduction of the
space H = H!(R3V) where the minimization has to be done. The idea is to
choose a sequence of subsets M! C --- € MX C ... C H such that, intuitively,
M*% — H, and then to replace H by M*X in (2). The main advantage of this
approach is that the approximate ground state energy is always greater than the
true. Nevertheless, the main difficulty is that the Schrédinger linear problem
(2) often becomes strongly nonlinear (when the M are not linear subspaces of
H) and so the methods used to study it are inefficient. The multiconfiguration



methods belong to this type of approximation.

In the multiconfiguration (MC) method of rank K (see [17, 9] for a math-
ematical set-up and for instance [30] for chemical and numerical aspects), the
set of admissible wavefunctions is limited to the ¥ which are a linear combi-
nation of Slater determinants built with K functions ¢, ..., ¢c in H'(R3) with

Jgs ®id; = 0ij
U = Z cr - |Giy - Diy) (3)

I={i1<iz<...<iny}C{1l..K}

where

(i, rs (1) = \/1\7' det (@i, (21))s

2612 =1.
1

When there is no possible confusion, we shall abbreviate ®; = |¢;,...¢;,) for

I ={iy,...,in} and write
U = ZC[@[.
I

The set of the functions ¥ that can be written on the form (3) is characterized
in terms of the rank of the one-body density operator I'y: this is the operator
acting on L?(R3) with kernel

and

yo(z,y) =N U (z,x9...xN)V(y, T2...xN)dzs...dT N,
R3(N-1)

that is to say
Tu(@)(@) = [ wle.)ot) do

It can easily be proved (see [24, 9] and Lemma 1) that ¥ is of the form (3) if
and only if rank(I'y) < K and Range(I'y) C span(¢;). The total electronic
charge density is defined on R?® by py(z) = vy (x,z) and we have Tr(['y) =
Jgs p(z)dz = N.

If we introduce rank(¥) := rank(I'y), the N-body ground state energy of
rank K is thus defined by

EN =inf{Ex (), U € Hy(R*N), || 2gony =1, rank(¥) < K}.  (4)

Since every wave function ¥ can be expressed as a (infinite) linear combination
of Slater determinants (see Lemma 1), we have
lim EY = E.
K—1>I-Ii-loo N N

When K = N, we obtain the well-known Hartree-Fock (HF) model [21, 22,

23, 11]: ¥ is a unique Slater determinant and I'y a projector of rank N. The

existence of a minimum for E% has been proved for the first time by E.H. Lieb
and B. Simon in [22]. In [23], P.-L. Lions proved the existence of infinitely many



solutions of the Hartree-Fock equations, often interpreted as excited states in
the literature (this point is discussed further on). The difference EY — Ey > 0
between the Hartree-Fock and the ”exact” energy is called the electron correla-
tion energy [17, 18, 19, 25]. It can change quite significantly in many elementary
chemical processes: typical examples are transition states in chemical reactions,
bond breaking and excited states (see for instance [2, 12, 32]). In such situa-
tions, the HF method fails and chemists have to use the more accurate MC.

In practice, chemists rarely work with an expansion of wave functions con-
taining all Slater determinants built with ¢1, ..., ¢ like in formula (3). They
often select some determinants (configurations), chosen for instance thanks to
the known symmetry of the molecule or some chemical intuition, and optimize
the energy with this form fixed [29, 30, 31, 32]. In the sequel, we shall call this
approach ”partial multiconfiguration”. From the mathematical point of view,
these methods are more difficult to deal with since the form may change when
another basis of Range(I'y) is used.

For algebraic reasons (see [1, 5, 24, 9] and Appendix), there do not exist
N-body wave functions of rank K = N + 1 and when N = 2, all the ¥ have
an even rank. A partial multiconfiguration method of rank K = N + 2 was
studied by C. Le Bris [17] who considered the minimization over doubly excited
configurations

U = a|py...on) + Blo1...ON—20N 1PN 12)- (5)

He proved the existence of a minimum when Z > N — 1 and obtained the
inequality EN 1t < EV (see [10] for the generalization EX ™ < Ef, K > N).

The existence of a minimum for Eﬁ provided K > N and Z > N — 1 was
recently proved by G. Friesecke in [9]. He used a very interesting proof based on
geometric localization methods, P.-L. Lions’ concentration-compactness ideas
and the inequality E]I\?]:ll < Eﬁ . The latter inequality allowed the author to
notice an interesting connection between Lions’ method and the celebrated HVZ
Theorem. Unfortunately, we think that his method cannot easily be generalized
to obtain saddle points. We do not know if it can be adapted to treat the case
of partial MC.

To our knowledge, the problem of existence of excited states for multicon-
figuration methods and their relation with the eigenvalues of H have never been
tackled from the mathematical point of view, although this is one of the main
uses of MC in today’s molecular quantum chemistry. Our approach, based on
ideas of [23], allows us to prove the existence of a minimum and of saddle points
for some partial MC, including the ”full” MC studied by G. Friesecke, the dou-
bly excited configurations of C. Le Bris, and the other main methods used by
chemists. More precisely, for the ”full” method,

1. For each K > N, we prove that there exists a sequence of distinct critical
points of rank K, whose energy converges to 0;

2. For each K > N, we construct explicitly (I]\?) critical points of rank K
with a nonlinear min-max method that is related to the algorithm used



by chemists. Their energy converges when K — +o0o to the ”true” critical
values of Ex (the eigenvalues (\;);>1 of the Hamiltonian H).

The solutions of the multiconfiguration equations constructed in the first part
are the analogue of P.-L. Lions’ result for HF [23]. Our impression is that they
cannot really be interpreted as excited states of the molecule (for instance, their
energy tends to 0 while \; — 3 as i — +00). The solutions constructed in the
second part are better candidates in view of their behaviour when K — +oo.
For each K > N, there is a finite number of such points and only one type (the
minima) for the HF case K = N. This corresponds to chemists’ experience,
which suggests that many determinants have to be included in the model to
obtain accuracy for a fixed excited state of the molecule.

As for HF in [22, 23], we study the energy in the ”one-body space” (as
a function of ¢; and ¢;), in opposition to G. Friesecke’s approach in the ”N-
body space” H}(R3Y). Our method is based on a Palais-Smale condition with
Morse-type information, and on the Euler-Lagrange equations which were often
neglected in the previous studies because of their apparent complexity. We
express them in a very simple and useful way (9) that clarifies the connection
with the HF model and could also become relevant for numeric simulations.

Finally, let us mention that some of the results proved here were outlined
in [20].

In the next section, we introduce some notation and definitions in order to
state properly the main results of this paper; they can be found in section 3,
with some comments on the proofs and on the relation with the algorithms.
Section 4 is devoted to the proof of our results.

2 General setting of the model

2.1 Expression of the energy in one-body space

We need some notation. Let ¥ be a wave function of rank K

U= > cr - |iy-diy)-
I={i1<iz<...<in}C{1l..K}
If we use the convention
iy iy = 0 if #{’Lll]\[} <N

VAT

(0 is the permutation of [1; N] such that i,y < ... <isn)), We get

o (1) <-<ig(ny} otherwise,

U= Z Qiyin @iy @+ @ Gy

11.. 0N

We are now able to express the energy as a function of the ¢y and ¢;:
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+V (Z ai,kg...kN¢i>
=1

2
N N(N2— 1) Z //RG (Zlgi,jgl{ az‘g;g,_:‘]v%(x)%(y)) drdy. (6)

K
> iy Vi
i1

EN(T)=N > /RS;

1<ks, . kN <K

1<ks, . kN <K

This can be written on the compact form

En(T) = <<(—§ + v) I+ Wq>> LD, <1>>(L2(R3))K (7)

where ® = (¢1,...,0x)T € (H'(R?))X and the K x K matrices I' and Wy are
defined by

Tij =N D CikyknyQika,kn

ko..kn
N(N —
(We)ij(x) = (21) DY ik Xy <(¢>k¢z) * |71a|) ().
ks kN Kl

In (7), we have used the notation (®, ) ;2 gs)x = K Jgs i}

With ¢ = (¢g) € R(¥) (lexicographical order), we introduce

MR = {(c, ) e RN x (H'R¥)X, Se2 =1, / ¢ig; = %}
7 RS

and EF, which is defined on M by the formula

EX(c, @) = <<(—§+v> P+Wq>> P, ®>(L2(R3))K. (8)

We shall denote by d€ ]I\f its first derivative, and d?bs f\f its second derivative with
respect to @, on the Riemannian manifold M% Let us notice that we now have

EX = inf £X.
M

The problem is to prove the existence of a minimum and saddle points for
5]{? on /\/lﬁ Such a point (¢, ®) will be a solution of the multiconfiguration
equations which take the form

(<_§+v>r+2w¢>-q>+z&-®=0 (9)
Hp-c=8-c. (10)

The first equation (9) is a system of K nonlinear partial differential equa-
tions — the Euler-Lagrange equations for the ¢;, A being the Lagrange multipli-
ers matrix associated with the constraints fR3 ¢i¢; = 0;5. The second equation

6



(10) is an eigenvalue problem — the Euler-Lagrange equations for the ¢y, with
multiplier 3 = X (¢, ®). Ho = ((®1,H®,))r,s is the (§) x (§) matrix of the
Hamiltonian H on span(®r).

We shall see that the compact form of (9) will largely simplify the study. A
formalism to treat the case of partial MC will be introduced later.

We shall compare some critical values of Ej{f on M% to the eigenvalues of
the Hamiltonian H :

A= mi HY, ). 11
4= omin | max (MY, 0) (11)
[Plp2 =1

Recall that since Z > N — 1, the (\j)4>1 are eigenvalues of finite multiplicity
of H below the bottom of the essential spectrum ..

2.2 About the orthogonal invariance

Let us now give a precise statement for some facts mentioned in the Intro-
duction, concerning the role of Slater determinants in H!(R3") and the basic
properties of rank K wave functions. We recall that I'y is the one-body density
operator defined previously.

Lemma 1 (Basic properties of rank K wave functions [24]).

1. Let (¢;)ien be an orthonormal basis of L*(R3) (resp. H'(R3)). Then
(|piy--Pin ))is<..<in 5 an orthonormal basis of L2(R3N) (resp. HL(R3V)).

2. Let U be a wave function of rank K (i.e. rank(Ty) = K ), and (¢;)K | be
an orthonormal basis of Range(I'y). Then W can be expanded as a linear
combination of Slater determinants built with (qb,)fil Conversely, every
wave function which is a linear combination of Slater determinants is of
finite rank.

Assertion 2. of this lemma corresponds to the Lowdin Ezpansion Theorem
[24], while assertion 1. is just the expression of the classical

N
LR ~ A\ L*(R?).
=1

When (¢;)X, is an orthonormal basis of Range(I'y), each ¢; is, by defini-
tion, an orbital of ¥. If moreover they are eigenfunctions of I'y, they are called
the natural orbitals of ¥. The associated eigenvalues are then the occupation
numbers. By Lowdin’s Theorem, each ¥ of finite rank can be expanded as a
linear combination of Slater determinants involving its natural orbitals.

If we now take a wave function of rank K

K

V= ZCI(I)I = Z Qky ok Pk © - © Dpys
1

k1. kn=1
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let us see how ¢ = (¢y) changes when another basis (¢;) of Range(T'y) is used.

Assuming that ¢} = ZJK:1 ui j¢; with U = (u;;) € Ok (R) (the set of K x K

orthogonal matrices), we obtain
agl,...iN = (7, ¢;1 - QS;N)LZ(RSN)
K
= Z Uiy,g1 " Win jn - <\I”¢j1 ®"'®¢jN>L2(R3N)

Jisemin=1
K

= E Wiy, gy Wiy, gy " gy (12)
Jiy--JN=1

This defines a group action of Ok (R) on MX:
U-(c,®)=(,U-®).
We have the following

Lemma 2. We assume that (¢/,®') = U - (¢, ®). With obvious notations, we
then have :
' =Uru? and Wi =UWaUT.

In particular EX is invariant under the action of Ok (R) on ME.

Proof. Tt is easy to see that I' is the matrix of 'y in the basis (¢;)K . Its
transformation law is thus obvious. For Wg, the computation is very easy but
tedious. O

It is easy to see that the action of Ok (R) on ME is not free when K > N.
Therefore we believe that the quotient ME /O (R) is not smooth (that is
to say, it is not a manifold) and that is why we shall not really use it here.
Nevertheless, this action of Ok (R) will play an important role in the proof of
Theorem 1 since we shall use it to diagonalize matrices.

2.3 Formalism for partial multiconfiguration methods

We introduce

A ={1c{1,.,K}:|I|=N}.
In a partial MC method of rank K, a set Z C A% is chosen and the energy
5]{? is restricted to the submanifold

MYT ={(c,®) e ME :VI ¢ T, ¢; =0} ¢ MK.

The ground state energy associated with the method is then defined by

ENY = inf &E.
MET
N



Critical points of 5]{? on Mﬁ’z are now solutions of the following partial
multiconfiguration equations

<<_§+V>F+2W¢>-¢+A-<I>=O (13)

H}-cr=8-cr. (14)

where ¢z = (CI)IEI and HZ = ((q)],H(I)J>)[,J61' is the ‘I‘ X ‘I‘ matrix of the
Hamiltonian H on span(®y, I € 7).

Compared to the ”full” MC, the new difficulty is that one cannot choose any
basis (¢;)K | of Range(I'y) for we need to preserve the form of the wavefunction.
We introduce

Or = {U € OxR): U - MET Mﬁ’f}.
Below, we shall restrict ourselves to the following methods:

Definition 1. We say that T C ALY defines a natural multiconfiguration
method of rank K if

1. there exists (c,®) € ./\/lf,’I which is of rank K

2. for all (¢, ®) € Mﬁ’I there exists a U € Of such that TV, associated with
(d,®")=U-(c,®), is a diagonal matriz. In other words, every wavefunc-
tion of the method can be expressed in terms of its natural orbitals.

Let us notice that most of the methods used by chemists are ”natural meth-
ods” (the natural orbitals have an important physical meaning). Here are some
examples:

e (M;) Full MC. It is clear that the general multiconfiguration method ex-
plained before is a natural method with 7 = AX.

e (M;) Two nonvanishing determinants have at least two distinct or-
bitals. Suppose that Z satisfies

#(INnJ)=1=TI¢TorJ¢T.

Then it can easily be seen that I'y is always diagonal and this method is thus
natural. As an example, we can quote the method studied by C. Le Bris in [17]

U = a|py...0N) + Blo1...ON—20Nf1PN12)-

See the Appendix for a study of the role of those methods in the cases N = 2
and K = N + 2.

e (M3) Complete Active Space method. The most common method used
by chemists is probably the Complete Active Space method [29, 30]. In this
method, the electrons are divided into two groups : the inactive (or core)
electrons that are supposed to be correctly described by a Hartree-Fock type



model, and the active (or valence) electrons that are supposed to be the most
important for estimating the correlation energy. They are thus described by a
"Full” MC. Hence, an integer N, € [0; N] is chosen and we take

Toas = {I : {1, e, N — Ny} - I}.

In other words, the considered wavefunctions have the form

v = forovn) A ) )

I'={i1<..<in,} C{N =Ny +1,..,K},

1] =N,
= Z CI’(blv~--7¢N—va¢i17"-a¢i1\zu>
IC{N—-Ny+1,..,K},
] = Ny

N, = N corresponds to the "full” MC method of rank K, while N, = 0 is the
Hartree-Fock model. Typically, NV, € [2;10] in the common chemical programs.
It is easy to see that I' has the form

([ In_y, O
= (")
[ Iy_n, O
o= ("0

that does not change the form of the wavefunction, we can diagonalize I'. This
is thus a natural MC method.

so with an appropriate

3 Main results and comments

3.1 Our results

We can now state our main results.

The first is a rather technical result which is simply the compactness of
Palais-Smale sequences, but with the additional difficulty that the sequence
may lose rank.

Theorem 1 (Palais-Smale condition with Morse-type information). Assume
Z > N —1, K > N and suppose that T defines a natural MC method of
rank K. Let (¢, ®"),en be a sequence in MI]\?’I, with associated wavefunctions
(U™)pen, such that

1. (EB (e, ®"))pen is bounded
2. dp&X (", ®") — 0 in (LA(R?)EK, and %(cn,i)”) — 0 forallI €.

3. there exists j € N and a sequence of positive real numbers (0™)pen with
6" — 0, such that for every n, d3(EX)(c", ®") has at most j eigenvalues
below —4§™.

10



Then, there exists a K' € [N; K| such that, up to subsequences and after a
rotation U,, € O (R) on each (", ®"):

1. Vn e N, I'™ = diag("}, ..., V).
2. Vi=1,.,K', ¥ — v >0 and ¢} — ¢; strongly in H*(R?).
8. Vi=K +1,.,K, ¥ — 0 and \/7P¢" — 0 strongly in H*(R3).

4. We define T = TN AKX, ¢ = (Cf)leAﬁ’ and ®' = (¢1,...,0x7). Then

(c, @) is a critical point ofé’]{f/ on ./\/lIA{,/’I/ and is a solution of the partial
multiconfiguration equations (13,14) with a A > 0.

5. The sequence U™ — W strongly in H} (R3N), where W is the wavefunction
associated to (', ®').

6. If T = AKX (Full MC), then K' € {K —1,K}.

Remark 1. The last claim K' € {K — 1,K} is also true for some partial
MC methods, including example (Ms) quoted in section 2.3. See the proof in
[10, 17]. In general, this depends on the method.

From the above result we obtain the existence of a minimizer:

Corollary 2 (Ground State for Multiconfiguration Methods). Let Z > N — 1.
For all K > N and any T that defines a natural method of rank K, there exists
a minimizer of EX on MI]\(,’I.

We now state our result concerning excited states:

Theorem 3 (Excited States for Multiconfiguration Methods). Assume Z >
N —1.

(i) For all K > N and any Z that defines a natural method of rank K, there
exists a sequence (&, <i>i)1>1 of distinct points of Mﬁ’z, which are solutions of

equation (9) with some A; > 0. In addition, if (9%);>1 is the associated sequence
of wavefunctions, as i goes to infinity,

SN(\i’l) < O, 5]\[(@1) — 0, Ai — 0,

i (Vo) -0 in (LAR*)E, and VI -0 in LEZ(R3Y).

(ii) For all K > N and any I that defines a natural method of rank K,
there exists |Z| points (05{, <I>ff)1<d<|1| of/\/ljl\(,’z, which are solutions of equation
(9) with some Ag > 0, and such that, if (‘I’é()lgdgm is the associated sequence
of wave functions, we have for all d > 1

EWL) = Aa.
If moreover T = AKX (Full MC), then we have (with d fized)

E(UE)Y = \j as K — +oc.

11



We recall that \g is the d** eigenvalue of H defined in (11). The two parts
of Theorem 3 may be interpreted as follows. For a fixed method (i.e. fixed
K and 7), there are many solutions to the multiconfiguration equations: in
the first part (i), we show how an infinity can be exhibited. But, just a finite
number of them, defined in part (ii), is related to the true eigenfunctions of
the Hamiltonian in the N-body space. Hence, to obtain accuracy for the d‘*
excited state of the molecule, we need to work with a lot of Slater determinants
so that d < |Z].

Remark 2. When I = ALK, we believe that the sequence (VE) >y in Theo-
rem 3-ii) is precompact in H} (R3N) and converges, up to a subsequence, to an
etgenfunction Vg of H associated to the eigenvalue \g, but we were unable to
prove it. This is true in the case of minimizing sequences (d = 1), see [9]. We
hope to come back to this point in the future.

Finally, let us specify the properties of the orbitals, when they are solutions
of the multiconfiguration equations.

Proposition 3. Let (¢, ®) € MK be such that T > 0 and ® is a solution of

A
((—2+V>F+2W¢>-<I>+A-<I>:O. (15)
Then each ¢; is in (Nagpes W2P(R3) and is real-analytic on Q= R3\ {Z1...7)}.
If moreover A > 0, then it also has an exponential fall-off.

Hence, the wavefunctions constructed by our method are real-analytic on
QN and have an exponential fall-off. This regularity of the multiconfiguration
optimal wavefunctions could be the main reason for the rather slow convergence
of these methods when K — o0, since the true eigenfunctions (V;) of H are
known to have a cusp at electrons coalescence points, i.e. (x1,...,xy) € QY
with Hi#(a:i —xj) =0 [16, 13].

3.2 Strategy of proof

In this subsection, we make a few comments on the proof of the above results.
For the sake of simplicity, we suppose here T = AY (full method).

In [23], P.L. Lions uses second order information on the almost critical
sequences in order to prove the convergence of minimizing or min-maxing se-
quences in the Hartree-Fock case. Such sequences can be obtained by using for
instance the Borwein-Preiss minimization principle (which is an improvement
of Ekeland’s variational principle since the perturbations are quadratic) in the
case of a minimum, and the later work of Fang & Ghoussoub [8, 11] that deals
with suitable min-max. Theorem 1 is thus the first step towards the existence
of minima (Corollary 2) and saddle points (Theorem 3).

Therefore, our proof of Theorem 1 is largely inspired of the study of the
Hartree-Fock functional in [23]. There are two main new difficulties.

The first is that we have lost the ”crucial orthogonal invariance of the en-
ergy” (see [17]). It is linked to the fact that, in the Hartree-Fock theory, I' = Iy

12



and so it may be supposed that I and A are both diagonal, which simplifies
the arguments since the problem splits into IV less coupled scalar equations.
For the general MC theory, we have seen (Lemma 2) that if ® = U - ® where
U € Ok(R), then I = UTUT, W}, = UWgU?T. This implies A’ = UAUT in
(9). Hence, we may suppose either I or A diagonal, according to what we need,
but we cannot assume that they are simultaneous diagonal.

The second difficulty is that the occupation numbers (the eigenvalues (y7)X
of I'™), which were all equal to 1 in HF, may go to 0 in a MC method; this
corresponds to a lost of rank. Since we just know that the \/Wqﬁf are bounded
in H'(R?) (see Lemma 4), this could obstruct the convergence of the (¢!') when
7 — 0.

The scheme of our proof is the following:

Step 1 : We first show 3., thanks to the information on the first derivative
with regard to ¢ of the Palais-Smale sequence, and define K’. This allows us to
work in /\/l%/ and assume I'™ > I where v > 0. In this step, we diagonalize
r.

Step 2 :  We use the information on the first and second derivatives of
the sequence to prove that the Lagrange multipliers cannot tend to 0. More
precisely, we show that there exists a A > 0 such that A™ > AI. In this step,
we diagonalize A™.

Step 8 :  We use the Euler-Lagrange equation and the nondegeneracy
information of step 2 on the sequence of multipliers (A™) to prove that the
sequence is relatively compact.

Using Theorem 1, it is then easy to prove the existence of a minimum, as it
is stated in Corollary 2

Let us now give a sketch of the proof of Theorem 3.

As in [23, 11], we use the fact that £ is even in ¢ and ® in order to define
appropriate min-max methods to obtain critical points. If a group G acts on
two topological spaces X and Y, we recall that a function ¢ : X — Y is G-
equivariant if p(g-x) = g-¢(x) for all g € G and x € X. We denote by Cq(X,Y)
the set of all continuous G-equivariant functions. In our case, we shall consider,
as in [23, 11, 27], min-maxing methods of the form:

min max  EX(c, ®) (16)
FeCa(SI=LME) (e, @)Ef(S4T)
where G = Zy ~ {41} acts obviously on the Euclidian sphere S of R?. It
remains to find an appropriate action of Zy on MX. Actually, we shall define
two distinct actions and prove (i) and (7i) separately.

Suppose that we want to approximate the "true” eigenvalues of the Hamil-

tonian Ay defined in (11). Let us denote by

oy : My —  HIR*R)
(¢, @) — V=3¢
the natural projection from the one-body space into the N-body space. One

can prove that

A¢ = min  max (HU,¥)
9EO  Teg(Sd-1)
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where 0y is the collection of all odd continuous map from S¢~! into the sphere
of HY(R3*N). To be able to compare our min-max with A4, we shall choose an
action of Zg ~ {£1} on MXE such that g =TI o f € © for all Zy-equivariant
function f : S — M%, that is to say H% o f is odd. In standard theories,
compact symmetric sets are often used with (=) - (¢, ®) = (—¢, —®), a group
action that does not have this property when N is odd.

The following group action has the requested property

(_) ‘c (07 (I)) = (_07 (I))'

Nevertheless, it allows to construct only a finite number of critical points. To
see this point, let us introduce the projection

p: M — s()
(c,(I)) — ’

Then if f: 891 — Mﬁ is equivariant for this group action, Po f : S~ 1 —
S(ﬁ)_l is odd. By the Borsuk-Ulam Theorem, we therefore obtain Cg(Sd_l, M%) =

& when d > (%) and so only (ﬁ) min-max will be really defined by a formula
like (16).

This point being explained, we consider the following two group actions of
Zs on M% :

(=) e(e,®) = (-¢®) (17)
(=)-e(e;®) = (¢,-9) (18)

A function f: S9! — M is said to be (Zs).-equivariant when
f(@)=(c,®) = [f(-z)=(-¢,®)
and (Zz)g-equivariant when
fl@) =(c,®) = [f(-z)=(c,—®).
We remark that £ is both (Z2). and (Za)e-invariant on MXE, that is to say
EX(c,®) = EF (—c, @) = ER (¢, - D).
We can now define:

N = inf max  EX(c,® 19
d fEC(Z2)C(Sd71,M§) (qu:’)ef(sd_l) N( ) ( )

for1<d< (%), and

K . K
= inf max  Enl(c,® 20
Md fec(22>q> (Sd_l,Mﬁ) (Cacb)ef(sd_l) N ( ) ( )

forall d > 1.

14



This argument can be easily adapted to the case of partial multiconfigura-
tion methods. Since for all Z ¢ ALY, Mﬁ’I is globally invariant under the two
group actions, we may thus define similarly

AT inf max  EX(c, @) (21)
d feC(ZQ)C(Sd—l,M]I&Z) (67<I>)ef(Sd*1) N

for 1 < d < |Z|, and

KT . K
o, = inf max  En(c, ®) (22)
b el (51, MET) (®)Ef(51-1)

for all d > 1.

In section 4, we show that the variational principles underlying (21) and
(22) yield solutions to the multiconfiguration equations, and that they allow to
prove respectively (i7) and (i) of Theorem 3.

Remark 3. The sequence (uf’z)d>1 is the natural generalization of the one
that was used in the proof for K = N (HF) in [23, 11] (see also [7] for the
relativistic case), and its study will use exactly the same ideas.

Remark 4. We suppose here T = AK. A basis B = (¢;)i>1 of H'(R3) being
fixed, it is also natural to introduce, for all K > N and d > 1 such that (ﬁ) >d

2K = min max (HV, V)
’ VeV, dim(V)=d ¥eV,
W)z =1

where V = span(|giy, ..., din ), 1 < ik < K). This method is called by chemists
Full Configuration-Interaction. It is very easy to see that

)\d < )‘g < )\[[g(,d

and we shall prove in section 4.4 that limg_, oo )\gd = A4

3.3 About the algorithms

We now make some comments on the connection between our min-max defining
)\é(,z and the algorithms used by chemists. Although there are a lot of different
approaches, the general form of the numerical algorithms used to calculate the
(d— 1) excited state with a fixed geometry can be summarized as follows (see

for instance [30, 31, 32]):

1. Start with some (cz,®) obtained for instance from a previous Hartree-
Fock or Configuration-Interaction calculation.

2. Compute the matrix qu) of the quadratic form £y associated to H on the
subspace Span(®;, I € I) where ®; = |¢;,, ..., piy) if I = {i1,...,in}.

3. Find ¢} as the d'" eigenvector of this matrix.

15



4. This ¢ being fixed, minimize the energy with regard to ® to obtain a
new @’

5. Replace (cz,®) by (¢, ®’) and return to step 2.

According to chemists, the aim of such an algorithm is to solve a problem of
the form
AP = inf min max (HU, ¥) (23)
o = (¢’L)fi1: Vc VK’I((I))v Ve V7
Jrz #i¢j =05 dim(V)=d  |¥|2=1

_ inf Ag(®) (24)
¢ = (¢l)£17
Jrs #id; = bsj

where VEZ(®) = Span(®;, I € I) and A\g(®) is the d** eigenvalue of the
matrix HE = (&7, H®;)); jez. In other words, "the MCSCF energy results
from minimizing the appropriate eigenvalue of the Hamiltonian matrix with
respect to orbital variations” [30].

All the sets in the "min” part of (23) can be written f(S9!) with a f €
C(Z2)C(Sd_1, Mﬁz) and so we easily obtain

However, it is not obvious that the min-max method (23) yields the existence
of critical points. Let us notice that this may be viewed as a special case of
the following abstract problem: let X be a Banach space, and A : X — Sy(R)
that is bounded and smooth (Sy(R) is the set of all N x N symmetric real
matrices). We denote by A\g(x) the d* eigenvalue of A(x) and consider

= 1 f
M= A
= inf min max (A(x)v,v).
z€X dim(V)=d wvev,

vl =1
We introduce
F(z,0) = (A(2)v,v)

and want to know if this method gives a critical point of F on X x SN—1.
To see that critical points may not exist when degeneracies of eigenvalues
occur, we consider a simple example due to Rellich and adapted by Reed and

Simon [28]:
([ sin(zy)  sin(z2)
Alw) = ( sin(zy) —sin(z) )

for x = (71, 72) € X = R%. We have

A2 (z) = /sin(x1)2 + sin(x2)2

and so



But 2£(0,v) = ££(0,v) = 0 if and only if v = 0, and this method does not
1 T2
give a critical point of F on R? x S!.

If X = R and A is analytic, a simplification appears due to a theorem of
Rellich (see [28]), and critical points exist even when the optimal eigenvalue is
degenerate. We now show that the algorithm described previously may possibly
not converge. Consider for instance

Alz) = sin(x)( X _11 )

for x € X = R. We have
Ao (z) = V2|sin(z)|

and so
A2 =0 = A2(0).

1
1
(vi,v;) = &5, it is then easy to see that (0,v) with v = (v1 + v2)/V2 is a
critical point of F on R x S*.

But for any initial guess xz¢ € [7/2;7/2] such that z¢ # 0, the algorithm
does not converge and oscillates between = 7/2 and —7 /2. This shows that
even if critical points exist, degeneracies may obstruct convergence.

If we denote v; and vy two eigenvectors of A’(0) = ( _11 ) such that

In the case of the MC method, oscillations are frequently obtained when
using the algorithm described before.

All these difficulties explain why we focused on the more ”theoretical” min-
max )\g’z that takes into account the strong nonlinearity of 5]I§ .

4 Proofs

This section is devoted to the proof of our results.

4.1 Some preliminaries

In this section, we give some basic properties that will be used in the proof of
our results.

4.1.1 Properties of 8]5

Lemma 4. (i) When it is defined by the formula (8), EX is continuous on
ME and weakly lower semi-continuous on R(¥) x (HY(R3))XK.

(i) (Kato’s inequality). Given € > 0 there exists a constant C¢ such that

K

Vi
EN(e,®) 21— 5HV@H%2(R3) —Ce (25)
i=1
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for all (c,®) € MY with T = diag(v1,...,vk). In particular, EX is bounded
from below on ME. If (¢, ®") € MK is such that EX (¢, ®") is bounded, then
(VI - ®") is bounded in (H'(R3))K.

Proof. The continuity of £ fvf on MI]\(, is obvious. To prove its weakly lower semi-
continuity, we consider a sequence (¢", ") in R(¥) x (H'(R?))X such that ¢® —
cand ®" — ® weakly in (H(R?))X. We introduce L = liminf,_, 4 E (™, &)
and suppose (by extracting a subsequence if necessary) that ®” — & strongly

in (L2 (R®))X and a.e., and that £ (c", ®") — L. Since for all ks...ky,
K K
> O kB D Qi ey i
i=1 i=1

weakly in H!(R3) and strongly in L? (R3) , we have

loc

K 2 K 2
/R3 Vv (; aZk;Qqus?) — /R3 1% (; Oéi7k2__.kN¢l'>

2

< lim inf/
n—-+4oo R3

2

K
> ik iy Vi
1

But Fatou’s lemma yields

K

n n
>, ki Vi
=1

dxdy

// (25221 ai’j’k3""’“N¢i($)¢j(y)>2
RS

[z —y

2
K
(SFms Ol S )00 )
< liminf / / dzxdy
n—+oo J JRre |z =y
which easily concludes the proof of (7).
The proof of (25) is standard: by Kato’s inequality, one easily shows

1
(HU,®) > (1—e)= [ |VIP-C.
2 Jps

for all ¥ € HL(R3N) such that |[¥];2 = 1 (see [9]). Given a (c,®) € M~
such that I' = diag(v;...7x), we may apply this inequality to the associated
wavefunction and obtain

K

i
E5 () > (1-0 Y L1V ~ C.

i=1
which obviously implies that £ ]I\§ is bounded from below.

Finally, if we take an arbitrary sequence (c", ®") in MX such that £§ (¢, &)
is bounded, we can find for each n, a U, € Og(R) such that U, I"U! =
diag(Yf..7%). We then use the latter inequality and the fact that Og(R) is
compact to obtain (v/I'™ - ®") bounded in (H'(R?))X. O

Remark 5. As it has been pointed out by G. Friesecke in [9], En is not weakly
lower semi-continuous on H}(R3N). This shows the benefit to work in the one-
body space M%
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4.1.2 About the inequality Z > N — 1

As in [22, 23, 11, 9], our results are stated with Z > N — 1 (i.e. for neutral
molecules and positive ions). The reason is that we shall often use the following

Lemma 5. For all k > 1 and all 0 < m < Z, there exists a k-dimensional
subspace Vi of HY(R3) and a 6y > 0 such that

1 1
/RsQ|V¢|2+ (V+M*) ¢* < —Opm <0

||
for all ¢ € Vi, with |$| 23y = 1, and all bounded non-negative measure p on
R?3 that satisfies u(R3) < m.
Moreover, Vi, can be chosen such that Vi, = span(¢i, ..., o) where the
(6:)5_, are radially symmetric functions in D(R3), with disjoint supports.
In particular, the Hamiltonian

1 1
H,=—=A4+V+pux—
2 7]

admit at least k eigenvalues strictly below —dy, .

Proof. See the proof of a similar lemma in [23, 11]. O

4.2 Proof of Theorem 1

Our method of proof is in the spirit of [23], with the additional difficulties
quoted before.

Let (¢",®") be as in the Theorem. Since the method is natural, we may
suppose that for all n, I'* = diag(y{'..7}), with 0 <A < land A7 > ... > %
(we recall that I' = Iy if K = N). We may also assume that ¢} — ¢y for all
I € Z. Thus each 7;* converges to some 7; > 0.

By lemma 4, for all i = 1...K, 7 [ps |V¢!'|? is bounded, so either v; = 0 or
(¢ )nen is bounded in H(R3).

Step 1 : Let us suppose for instance that v} — 0 (this cannot happen
when K = N since 7} = 1 for all i = 1,..., N and n € N). Since (¢ )nen is
bounded in L?(R?), we may assume —by extracting subsequences if necessary—
that /Yo% — 0 in L*(R?) and /v ¢ — 0 weakly in H'(R?). We now
show that this last convergence is strong.

Let I € T be such that K € I. Since £ is quadratic with regard to the (c;),
we have

EX (e, ) = (Z/ va) ()2 4+ An (D)2 + Buch + Cy,
el 'R
where An(c?)2 and By,c} — 0 : for instance one of the terms appearing in
Ap(ch)? is

r — 0.

[ L gy o [ R,
R3

R 7] ]
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The second assumption of Theorem 1 now yields the existence of a bounded
sequence of Lagrange multipliers (5"),cn such that

6511\5 n n |2 n n n .n
801(0,@):2<Z/RB|V¢Z-\ (c}) + 2A,c} + B, + 8"} — 0.

el

Multiplying by ¢, we obtain

(Z L \w?) (c})? = 0.

i€l
as n — +oo. Since we have

= Y= (b
I, Kel

IeT, Kel

this shows that /9 ¢ — 0 strongly in H'(R?).

Let K’ > N be such that vg/41 = 0 and vg+ # 0. By the same argument,
one has \/7/"¢" — 0 strongly in H*(R?) for i = K" +1,..., K.

We now introduce 7 = Z N AKX’

7
Cr

\/ZJc{l...K/}(C%Q

and ®" = (¢7...¢%)7T

= for all I e A%

so that (&7, ®") € M?’T. If (U™) is the corresponding sequence of wave func-
tions, the previous arguments imply that we have ¥ = U™ + r™ where " — 0
in H}(R3N). The convergence of (¢!)X, will imply those of U™ and then W”.
The new sequence (¢, ®"),cy satisfies the assumptions 1), 2), 3) of Theorem
1 on Ml]\{,,’zl and also T > ~Ix with v = yx > 0. We now work with this
new Palais-Smale sequence and omit the ~ for simplicity.

Step 2 : The first order condition also yields the existence of a K’ x K’
symmetric matrix A" such that

K
%—N(cn,én): ((—A+V> F"+2Wq>n> P AT -0 (26)
od 2
in (L?(R3))X. We now prove that there exists a A > 0 such that A™ > Mg
Let U, be an orthogonal matrix such that A" := U, AU = diag(\}...\%,). We
work in this step with (¢, <i>n) = U, - (cn, Pp). The second order condition of
Theorem 1 implies, for all # = 1,..., K’ and all ¢ in a closed subspace F,, of

H'(R?) of codimension at most K + j

1
V/ rv¢\2+/ SV ARl L AT £ ARer ) 62— N(V — 1)DP > 0
2 Jrs R3 |7]
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where €' — 0 and

2
N(N - 1) ) !
pl=— > (Z oz%fk,kg...,km%)
k

k3..kn

Dj' =
(66) Sk ko @) (00) S W s )
> / / dxdy.
kyoky 7 R ==yl
Hence we obtain (it is easy to see that D' > 0)
1 1 A7
/ |V<;5|2+/ <V+p?*+vfl+€?>¢2 >0 (27)
2 R3 R3 |7"‘ Yii

for all ¢ € F,.
We now use the method of [23] (see also [11]) which is based on the following
simple lemma

Lemma 6. Let A be a self-adjoint operator on a Hilbert space H and let Hy,
Hs be two subspaces of H such that H = Hy @ Ho, dim(Hy) = k < +oo and
P,APy, > 0 (Py is the orthogonal projection onto Hs). Then A has at most k
negative eigenvalues.

Proof. See [23, 11]. O

By Lemma 6, we deduce that the Schrédinger operator H' := —A/2+V +
pi* ﬁ has at most K + j eigenvalues strictly less than —,% —¢e!. On the other

hand, since we have

N(N -1) .
/ pl=—ri D (@ k) =N-1<7Z
R3 Vi ks ik

we can use Lemma 5 to find a § > 0 that does not depend on ¢ such that H
admits at least K + j eigenvalues strictly below —§. We deduce that

Al
Vn, n +Ei > 5
1

and thus we obtain from I = U,I"™"U! > ~Ix: (and for n large enough)
NS AR(/2) = (5/2) = A > 0.
This shows that A» > A and so A" > M. But (26) yields
EX (e, d™) + (Wen - D™, ") + Tr(A™) — 0

and so (A™) is bounded. We finally obtain (up to subsequences) A" — A > 0.
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Step 3 : Since 4 > v > 0, the (¢"),en are bounded in H'(R3) and thus
we may assume that ¢7 converges weakly in H!(R?) (and a.e. in R3) to some
¢;. We now prove that this convergence is strong.

Passing to the limit in (26), we get

<<—§+V)F+2W¢> O+ A-D=0.

This implies

limsup (A" - ", ®") = —liminf <<<—§ + V> "+ 2Wq>n> - D", <I>">

n—-+4o00 n—+00

_<<<—§+V)F+2W¢> -q>,q>>:<A-<I>,<I>>,

by using the same arguments as the one used to show that Ejl\f is weakly lower
semi-continuous on R(V) x (HY(R*))K. So " — @ in (L*(R*))X’, and then in
(H'(R?))X". The convergence of (¥") follows.

N

Step 4 : It remains to show that, when 7 = AS, K’ = K or K —1. This is
obtained by the same proof as in [17, 10] to show the inequality E]]\f +2 < E]IV( and
we refer the reader to these papers. Let us notice that this uses the analyticity
of the orbitals, independently proved in Proposition 3. This ends the proof of
Theorem 1. O

4.3 Proof of Corollary 2

Let (¢™, ®™) be a minimizing sequence of E]I\?’I. We use the minimization prin-
ciple of Borwein and Preiss (see [3, 11]) to obtain a new minimizing sequence
(e, d") € Mﬁ’z such that

1. |®" — " (g1 (gsyx — O and |&F — | — 0 when I € T
2. there exists a sequence (&7, ®") € MIA{,’I such that
|®" — D" (g1 msyyx — 0, |¢f —cf| — 0 whenI€Z, and
Ki-n sn 1 “n HN : K 1
VneN, Ex(@o") + -9, ®") = min <y + -9,
n Mﬁ’l— n

where

1 X .
Qule, @) = 5 (e = enl? + 1@ = &u1?)

This new minimizing sequence (&", ®") now satisfies the assumptions of Theo-
rem 1, with j = 0. 0
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4.4 Proof of Theorem 3

We recall that we shall prove (i) and (ii) by using the variational principles
defining respectively the sequences (uf’ )a>1 and ()\f’z)lgdgm — formulas (22)
and (21).

Step 1 : Existence. We shall use here a Theorem of G. Fang and N.
Ghoussoub [8, 11] that enables to obtain Palais-Smale sequences satisfying the
assumptions of Theorem 1. Let us now present this result.

Let X be a complete C?-Riemannian manifold, and G' a compact Lie group
acting freely and differentiably on X and on R? for some d > 1. Let F be a
G-homotopic family of dimension d, that is to say a set of the form:

f:{f(D)a fECG(DaX)}

where D in a fixed G-invariant compact subset of R%, and Cg (D, X) is the set of
all G-equivariant continuous functions f : D — X. We now have the following
result, which is a simplified version of the original one in [8, 11]

Theorem 4 (Fang-Ghoussoub [8, 11]). Let ¢ be a G-invariant C? functional
on X with d¢ and d*>¢ Hélder-continuous on X, and consider
= inf .
¢ e

Then for every min-mazing sequence (Ay)yn in F, there exist sequences (Tp)n
in X and (0n)n in RT with lim,_ o 0, = 0 such that

1. z, € A, for each n,

2. lim ¢(z,) =c,

n—-+o0o

3. lim d¢(xz,) =0,

n—-+oo
4. for each n, d*¢(x,) has at most d eigenvalues below —by,.

Now we easily see that the min-max (21,22) are defined with (Z2)./q-
homotopic classes of dimension d for each d (take X = MK and D = §41).
Applying this result, we obtain a sequence (", ®") that satisfies the assump-
tions of Theorem 1 with j = d. Therefore, it converges up to a subsequence, in
the sense of Theorem 1, to some critical point (¢, ') of Eﬁ/ on Mﬁl’f with
K' < K. One may add any (¢gr1,..., 0k ) to obtain solutions of (9) with a
A>0.

Step 2 : Study of (uf’I)d>1. Our proof uses ideas of [23, 11]. Since in
this step, K > N and 7 are fixed, we shall forget these subscripts. We show
that —oo < pg < pgr1 < 0 for all d > 1 and that limg_, o, ptg = 0.

The fact that —oco < pug < pg+1 is obvious. Let be ng = K - d. For each
d > 1, by lemma 5, there exists a ng-dimensional subspace V; of H'(R?) and a
0 > 0 such that

1 1

7]
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for all ¢ € Vg with [¢[z2®s) = 1, and all bounded non-negative measure m on
R? which satisfies m(R?) = N —1 < Z. Let (¢1, ..., on,) be a L*-orthogonal
basis of Vg, of radially symmetric functions in D(R?) with disjoints supports
and such that fR3(¢i>2 = 1. For the sake of simplicity, we may suppose that
{1,...,N} € Z. We consider :

£ gd—1 N Mﬁl
1
0 191 + -+ agdq
(ala ceey O[d) [ — )
6 1Pk 141+ + WdKd

f is a continuous (Z2)g-equivariant function and
EX(flan,...;aq)) =
=En(Jargr + - + aqdd, - 1 PgN—1) 41 + - + @adNa))

d Nd
=&Nn Z Z iy "'O‘iN—(N—l)d|¢i1""’¢iN>

i1=1  iy=(N—-1)d+1

d Nd
=3 D (i oo (ve1yd) EN (i s D))

i1=1 {n=(N-1)d+1
d Nd
= Z Z (ah "'aiN—(N—l)d)2gHF(¢i17"'7¢iN)~
i1=1 {ny=(N-1)d+1

since the (¢;) have disjoint supports.
We recall that

N

e Grnom) =3 [ (G170 + Vi)
i—1 /R?
1 ST PERIEST R v Y (o
+ 2/{{{3 ;(@%) * m (;(@bz) ) - 22-;1 /]R3 ((¢z¢y) * M) (¢1¢j)7
so that
etr _y 9o+ (Vi) (0)?
(¢17'-‘7¢N) _;/]W’ (2| ¢z’ + < +mz*w> (Qsz) >
1 & 1
- 2%21 /R 3 ((m) * m) (6i95)
where N
m; = Z (¢;)? and m; =N — 1.
=1, j#i R



Since ng ((d)iqﬁj) * ﬁ) (pi¢;) = 0 for all i # j, we finally obtain

g][\g(f(alv ) S Z T Z (o - 'O‘iN)Q(_N(s)

for all (a, ..., aq) € S, which shows that pg < f{gg}(l)gﬁ < 0.

To show that limg_. 1o g = 0, we classically consider a sequence (V) of
finite dimensional subspaces of (H'(R3))X such that dimVy = d and |J, Vy is
dense in (H*(R?))X, and denote W, = V. Since for all d > 1, ug < 0, there
exists a (Zs)g-equivariant continuous fy such that

g < max Ey < .

By the Borsuk-Ulam Theorem, there exists (cg, ®4) € fq(S?1) such that &4 €

Wy—1 and

g][\/'((cd,q)d) < % < 0.

Since (cq) is bounded and ®4 — 0 weakly in (H'(R3))¥, we obtain by lemma 4

liminf £X (¢y, ®4) = 0
lim in ~ (ca; Pa)

which implies limg—, o0 ptqg = 0.

For each d > 1, there exists (c?, ®?) and A? > 0 such that £ (c?, ®9) = py
and

A
<<—2+v>rd+2wq>d> P Ay =0

This yields
<W<1>d -9, (I)d> +tr(Aa) = ,g]{,((cd7 q)d) = —id —d—t00 0F

and so
<W¢d L9, <1>d> 0 and Ag—0 (28)

as d — +o00. By Lemma 4, (VI4®%); is bounded in (H'(R3))X, so one may
suppose that cd¢d — ¢r,; weakly in H*(R?), strongly in L} (R?) and a.e., for
all i =1,..., K and all I such that i € I. But ¢7; = 0 by (28) and this implies

<<—§+V>rd-q>d,q>d> —0

as d — +oo. We now easily obtain VI'¢(V®9) — 0 strongly in (L?(R3))¥,
thanks to the weakly lower semi-continuity of this last expression.
This ends the proof of (7).
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Step 3 : Study of (A5’1)1<d<|1|. We first choose a sequence (¥;) of
eigenvectors of H associated with the eigenvalues (A;) such that ng N U, =05
and

A=En(Tq) = max En(Y)
U € span(¥;...0,),
I¥l2 =1
= min En(V).
T € span(¥1..¥4_1)",
W)= =1

We denote by Vg = span(¥;...¥,) and Wy = (Vy)* its orthogonal comple-
ments in H} (R3V).
In the sequel, we fix a d > 1 and assume that K and Z are such that
d < 7] < (§). Let f: 81 — Mﬁ’z be a (Z2).-equivariant continuous
function. We have .
P BN = e B

and since 11§ o f is odd, TI¥ o f(S?1) N W,_;1 # @. This implies

max En > min En(T) = Ng
o f(5d-1) T e (Vgo1)t,
1Pl =1

for all (Za).-equivariant continuous f, and so

Mg < APE (29)

We now assume 7 = A]I\(, and forget the subscript Z. We fix a basis B =
(¢i)ien+ of H'(R?) such that [z ¢id; = ;5. We recall that every wave function
U can be expanded as a combination of Slater determinants built with (¢;) :

= Y b diy)

1<ih<...<in

where the sum converges in H!(R3"). We then introduce

Yo cldidiy)
1<ir <. <in <K

PR = when Z (cr)*#0
Z (cr)? 1<ir<.. <in <K
1<ir<..<in <K

= 0 otherwise,

so that rank(¥) < K and Range(T'y) C span(¢;)X ;.
We thus have PX(¥) — ¥ in H}(R3Y) as K — +o00. We now introduce

VE = span(PE(04),--- , PK(W,)) and Wi = (V)L

We recall (see a previous remark) that VI = span(|¢i, ..., ¢iy), 1 < ip < K)
and so VdK is a subspace of Vé( . We have the following lemma
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Lemma 7. One has dim(VK) = d for K large enough, and

as K — +o0.

Proof. We introduce G¥ = Gram(P¥X(¥,)), i.. Gg = [an PE(U)PE(T;).
GE — I, so dim(V¥) — d. The end of the proof is easy, thanks to the
continuity of En. O

We now assume that K is large enough so that dim(V,J) = d. Let (¢}, ..., 1)

be an basis of VdK such that fRaN wg?ﬁ} = 0;5, and et e S(¥)=1 be such
that
Uy = > i tiy)-

1< <. .<in<K

When (o, ..., aq) € S 1, we have
d d
Z ai#% = Z (Z akc’;> |¢21¢’LN>
k=1 1< <. <in <K \k=1

d
and | 35—y axtylr2msyy = 1.
We thus introduce the continuous (Zsa).-equivariant function

) d—1 K
f: S — My
P
(a1, q) +— E‘,le aic”, :
Pk
By the definition of )\5( , We obtain
MOKAE < max E8 = max  Ey= max  En(D).
d B,d 8y N M of(54-1) vk, (¥)
1)Lz =

Hence we have proved, by (29),

M <A <ABa < max En(D)

and so, by Lemma 7,

lim M =); and lim M\ =)\,
K—4o00 d d K—+4o0 B.d d
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4.5 Proof of Proposition 3

The assertion ¢; € (ygpes W?2P(R3) is obtained by standard arguments. To

prove the analyticity of the orbitals, we introduce ¢; ; = (¢sp;) * |71‘ Equations
9 can be written on the form

v (—? + V) Git D > Bprdridi+ Y Nigdj =0, i=1..K

J k<l j
Aoy = dndpy, 1<kI<K
with ~; > 0.

Since (¢4, dk,1)ik, is a solution of an analytic non-linear elliptic system of
partial differential equations, we may use for instance the results of [26] or the
method of [15] to obtain the analyticity of the ¢; and ¢; on €.

We now assume A > 0 and prove that the electronic density p = Zfi 1 il(i)?
has an exponential fall-off, which will end the proof. To obtain an inequation
for p, we multiply (15) by ® to give

1 X
—= ) (A + Vp+2(Wy - 8,8) + (AD, D) =0

2 <
=1

where (, ) denotes the usual scalar product of R, This yields

K
1 1
—-A AD, D) = —2(Wy- O, ®) — = i Vi |?
1Ap+Vp+ (A2, @) Wy - @, @) 2;:17!V¢\

and since Wy () is a non negative matrix for all x,

1
— A0+ Vot (A2, @) <O,

Now, since A and I are positive, there exists an o > 0 such that A > ol’, and
SO
(A, @) > a(T'D, ®) = ap

which yields
1
—ZAp +Vp+ap<O.

For p > 0 in H'(R3), it is now standard that this implies, thanks to the maxi-
mum principle,
p(z) < Cﬁe—x/@\ml

forall0 < 0 < a. O
Appendix
In order to emphasize the key role of the partial method (M3) quoted in section

2.3, we want to tackle here the classification of wave functions of rank K when
N =2 and K = N + 2. Existence and non-existence of those wave functions
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have been largely studied in the 50-60’s (see [24, 1, 5, 6]). Their general form
is known by chemists in the case N = 2 [5, 6] but we do not know if the case
K = N + 2 has never been written down. We shall however give here the proof
for both cases, since they are quite similar.

Proposition 8.
(N=2 — Coleman [5, 6]). For all 2-electrons wavefunctions ¥ of finite
rank, there exists a p € N* and (gbi)?ﬁl with [ps ¢ij = i such that

P
U =>"cilai102). (30)

i=1
In particular, all such ¥ have an even rank.
(K=N+2). For all N-electrons wavefunctions ¥ of rank K < N +2, there
exists (gi)l)f\ff with [ps ¢itpj = 6i5 and a p > 1 with 2p < N + 2, such that

p

U=V Alpopt1...0n42) where (V') =— Zci|¢2i—1¢2i>- (31)
=1

In particular, there does not exist N -electrons wave functions of rank N + 1.

Let us first recall the standard notations used in this result. The bilinear
operator
A HY(R3PY x HYRIWV=P)y — gl(R3Y)
is defined by
|¢1a ceey ¢P> A ‘¢P+17 ceey ¢N> = |¢la ceey ¢N>7

whereas ,
(x0) = - Z Cild2i-102i)
i=1
means
P
v = Zci’¢1¢2> coey P2i-302(i—1) D2i+1P2(i4 1) -+ P2p—1P2p)-
=1

Hence, when N =2 or K = N + 2, every wavefunction can be expressed in
a form such that two determinants have at least two distinct orbitals, a method
quoted as an example (M) in section 2.3. This allows to limit significantly the
number of determinants.

In (31), the case p = 1 corresponds to the Hartree-Fock case (¥ is a Slater
determinant), and the case p = 2 corresponds to doubly excited configurations,
also studied by C. Le Bris in [17]

U = al¢1...0n) + B|d1...ON—20N+1ON+2)-
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Proof. Let us first consider the case N = 2. A basis (¢;)X, of Range(Ty)
being fixed, we introduce the antisymmetric matrix A = (o;;) such that ¥ =
S i @ ¢;. We have I' = 24AT, so K = rank(T') = rank(A) is even. By
formula (12), A’ = UAUT when ® = U -® and thus, we may find a U € Ok (R)
such that

Aq 0 ‘
A = AN WithAi:<_a' %Z),OZZ'ER*
Ap !

which easily ends the proof of this first point.

The dual case K = N + 2 is very similar. Given a wave function ¥ =
S crldiy . giy ), we introduce Bi; = (—1)"er for {1..K}\ I = {i < j}, and
the antisymmetric matrix B = (8;;) (so B = 0 and (3j; = —f;;). Then, it is
easy to see that I' = N(Ix — BBT) and B’ = det(U)UBU” when &' = U - .
Now there exists a U € Og(R) such that

B

. 0 0
B = N\ WlthBl':< l>, ; € R*
B, 3 0 )P
0

which easily ends the proof of Proposition 8. O
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