EXISTENCE OF GLOBAL-IN-TIME SOLUTIONS TO A
GENERALIZED DIRAC-FOCK TYPE EVOLUTION EQUATION
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ABSTRACT. We consider a generalized Dirac-Fock type evolution equation de-
duced from no-photon Quantum Electrodynamics, which describes the self-
consistent time-evolution of relativistic electrons, the observable ones as well
as those filling up the Dirac sea. This equation has been originally intro-
duced by Dirac in 1934 in a simplified form. Since we work in a Hartree-Fock
type approximation, the elements describing the physical state of the electrons
are infinite rank projectors. Using the Bogoliubov-Dirac-Fock formalism, in-
troduced by Chaix-Iracane (J. Phys. B., 22, 3791-3814, 1989), and recently
established by Hainzl-Lewin-Séré, we prove the existence of global-in-time so-
lutions of the considered evolution equation.

1. INTRODUCTION

The quantum mechanical description of relativistic spin-1/2 particles, say elec-
trons, is based on the famous Dirac operator, i.e.

3
D= —ia-V+ =iy apds, + 0,
k=1
acting on $ = L?(R3,C*), where a = (1,2, 3) and 3 are the standard Dirac
matrices [34]. Its main drawback, from a physical as well as from a mathematical
point of view, is the fact that its spectrum is not bounded from below, since

o(D%) = (=00, —1] U [1, 00).

To circumvent this problem, Dirac [7, 8] postulated that the negative energy states
are all filled with one electron each, thereby taking into account Pauli’s exclusion
principle. More precisely, within this framework the free vacuum state has to be
considered as being an infinite Slater determinant Qg = ¢? A I A - AI A -,
where (1?);>1 is an orthonormal basis of the negative spectral subspace §% :=
X(—o0,0)(D°)L?(R?,C*). The density matrix of Qg is then an infinite rank orthog-
onal projector given by

P = X(—o00) (D) = D [09) (W}
i>1
This distribution of negative energy electrons is postulated to be unobservable

on account of its uniformity. However, in the presence of an external potential,
these so-called wvirtual electrons react such that the vacuum becomes polarized.
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The study of this polarization effects plays an important role in modern Quantum
Electrodynamics (QED), cf. [17, 18, 35] and the references given in [21, 22]. In
generality, Dirac in [7, 8] approximates electrons, the observable ones as well as
the ones filling the sea, by an orthogonal projector P on $) with infinite rank,
which is interpreted as the density matrix of a formal infinite Slater determinant
Qp = PP AL A AP A- - where (¥F);>1 is an orthonormal basis of PL?(R3, C*).

Our goal in this paper is to study a time-dependent equation describing the evo-
lution of such an infinite rank orthogonal projector P(t). This equation is obtained
from the Bogoliubov-Dirac-Fock (BDF) model which is a mean-field approximation
of no-photon QED and has been introduced by Chaix-Iracane in [3]. It formally
reads

(1) 4 P(1) = Doy, P

where Q(t) := P(t) — P° and Dq) is a mean-field operator taking into account
not only external fields, but also the self-consistent potentials created by the state
P(t) itself:

1
(1.2) Dg:=D"+ ¢+ apg * — —aQ(x’y).
-1 o=yl
Here pg(z) = Trea(Q(x, ) = Trea(P — P°)(z, ) is the density of charge, [, ]
denotes the usual commutator bracket, a is Sommerfeld’s fine structure constant
and ¢ is some given external potential. We shall be mainly interested in the case
where

Y= —an * ﬁ ,
for some appropriately defined charge density n. Equation (1.1) is similar to the well
known time-dependent Hartree-Fock model of non-relativistic quantum mechanics,
see, e.g. [5, 6]. The operator Q(t) = P(t) — PY is interpreted as the renormalized
density matriz (i.e. measured with respect to the free vacuum P) of the quantum
state described by P(t). When no external field is present, i.e. ¢ = 0, the free
vacuum P is a stationary solution of the equation (1.1), since Q(t) = P°— P’ =0
and of course [DY, P%] = 0.

An equation very similar to (1.1) has been first introduced by Dirac himself
in [7, 8]. Compared to equation (1.2) though, he neglected the exchange term
—aQ(z,y)/lx —yl, cf. [7, Eq. (2)], [8, Eq. (3)] and [31, Eq. (2.5.18)]. This last
term of (1.1) is a consequence of Pauli’s principle and is again classical in mean-field
theories for fermions.

The interpretation of (1.1), in terms of the BDF model in no-photon QED, is
roughly speaking as follows: in [3], Chaix and Iracane consider the free relativistic
Fock space in which they define a class of states furnished by Bogoliubov transforma-
tions of the free vacuum. Each of these states can then be equivalently represented
by its density matrix which is an orthogonal projector P, such that Q = P — P9 is
Hilbert-Schmidt. In [3], the energy of such a BDF state Qp is computed and proved
to be only depending on Q = P — PY. Details can also be found in the appendix of
[21]. The equation (1.1) can be regarded as the natural evolution equation of the
BDF model, since the right hand side of (1.1) is nothing but the derivative of the
BDF energy under the constraint that P = Q + P° is an orthogonal projector. Our
equation of interest (1.1) therefore describes the time-evolution of the associated
state Q2p(y), within the BDF class in Fock space.

In comparison to other relativistic theories, which usually do not take into ac-
count the behavior of the vacuum, the BDF model of [3] admits the extremely
important property that its associated energy is a bounded-below functional, cf.
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[1, 4, 21]. This property in the following enables us to prove the existence of global-
in-time solutions to equation (1.1).

JFrom a mathematical point of view, solving the time-dependent non-linear equa-
tion (1.1) is not an easy task due to the fact that P(¢) is an infinite-rank projector.
Indeed we shall heavily rely on the framework and results provided by Hainzl-
Lewin-Séré in [21, 22], where the existence of a minimizer P of the BDF energy is
proved. This minimizer is found to be the solution of the self-consistent equation

P = X(—s00)(Dg), with Q=P — P,

and thus P comprises a stationary solution of (1.1).

Observe that the equation (1.1) includes the usual self-consistent interaction of
real electrons, as well as additionally the interaction of real electrons with the Dirac
sea (virtual electrons) and its corresponding self-interaction. In the stationary case,
one can minimize the BDF energy-functional, having fixed the total charge N of
Q. A minimizer P, with corresponding charge N, is then found to be the solution
of an equation of the form (see [3, 23] and [21, Remark 6])

(1.3) P=Xoon(Dg), with@=P—P°,

where A is an Euler-Lagrange multiplier interpreted as a chemical potential. The
projector P is then also a stationary solution of our equation (1.1). It can be
naturally decomposed via
P:=1+7%

where 7 = X0\ (Dg) = Zévzl |¢;)(¢;| is a finite rank projector representing N
electrons, and II = X(—oo,o)(DQ) is an infinite rank projector, representing the
Dirac sea. Using (1.3), it can easily be seen that the ¢;’s are solutions of the Dirac-
Fock equations [11], perturbed by the vacuum polarization potentials created by
II. Since these potentials are of higher order in the coupling constant «, the usual
Dirac-Fock model is therefore obtained as a non-variational approximation of the
BDF model. However, for a general projector P, and in particular for our time-
dependent solution P(t), there is a priori no way of performing the above given
decomposition between real electrons and the Dirac sea.

As usual in QED, see, e.g. [2], we shall be forced to introduce an ultraviolet
momentum cut-off A > 0, in order to obtain a well-defined local charge density pg.
The only constraint on this cut-off A will be its finiteness, which from a physical
point of view corresponds to the assumption that electrons can not shrink to a point.
(Remark that A ~ 10?%%mc? corresponds to an electron radius of 1072%%¢m.) Such
a point-like limit would cause rather unphysical effects, as discussed for example
in [22] and already suggested earlier by Landau et al. [27, 28]. In other words, we
want to stress the fact that the UV cut-off is not used as a mathematical tool in
order to simplify the problem. Rather, the considered model (1.1) has no meaning
if this cut-off is removed, simply because the function pg, appearing in (1.2), has
no meaning. From a physical point of view, one may argue that all observables in
the following are cut-off dependent and they diverge as A — oo. In the physics
literature these divergencies are formally removed by means of a renormalization
procedure [2, 9], which however is clearly beyond the scope of the present work. We
thus choose of a finite, but arbitrarily large cut-off A and refer to [22] for comments
and rigorous results concerning the behavior of the BDF model in the limit A — co.

Finally note that our existence result is also valid if the exchange term in (1.1)
is dropped, leading to the original model considered by Dirac in [7, 8].

The paper is now organized as follows: in the next section, we introduce the
model and state our main result. Its proof is then provided in Section 3.
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2. DEFINITIONS AND MAIN RESULTS

In this section we introduce the basic setting for our generalized Dirac-Fock type
model and state our main result. We follow [21, 22] and implement an ultraviolet
cut-off A by considering the following Hilbert space

9a = {f € L*R>,C") | suppf C B(0,A)}.

The only restriction on A will be its finiteness. For any Hilbert-Schmidt operator

(2.1) Q€ Gy(n) ={Q| trQ” =trQ"Q < oo},
the associated charge-density pg is a well-defined function in L?(R?). In the Fourier
domain, it is given by [21, Equ. (9)]
— 1 A
2.2 k)= —=7> T k/2,p—k/2))dp.
(22) ) = oy [ e (@ /20— /) dp

Notice that the function @ € &2(Hx) — pg € L?(R?) is continuous. Like in [22],
we introduce the following Hilbert space

C:= {p| / |p|(k|l| dk<oo},
R3

which is rather the Fourier inverse of L?(R3), weighted by 1/]k|?, and equipped
with the so-called Coulomb norm

S 2 1/2
o= ([, Heaar)
o A

We consider a time-independent external field of the form

@Y = —an * ﬁ’
where n is some fixed (time-independent) function in C. Typically, one may think of
n as being the charge density created by some given system of smeared-out nuclei,
with ng n(x) dx = Z, denoting the total number of nuclei. For the following let us
define our main Hilbert space [22]

Ha ={Q € 62(Ha), po € C},

and its associated norm

1/2
1l = (JQ1s, 5. +leale)

Moreover, let us denote by P, the orthogonal projection of L?(R3) onto its closed
subspace Hx. Then, for any @ € Ha,

(2.3) Dg :=Pa <DO + a(pg —n) * ﬁ - aﬁ(x’zf> Pa
is a well-defined self-adjoint bounded operator on 9, cf. [21, Lemma 4]. Notice
that without the use of a projection P onto $,, the operator Dy would not
necessarily stabilize . However, in the following we shall frequently omit to
write the projection Py, for the sake of simplicity.

Our goal is then to study the following Cauchy problem

5 P(1) = Do, P(1)
(2.4) P(0) = P,

P(t)* =P(t). Q(t)=P(t) ~ P’ € Hy,
where

P = X(_o0,0) (PAD"Pa),
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and Dg is defined in (2.3). The operator P; = (Pr)? is some initially given orthog-
onal projector on $,, which is such that Q; := P; — P% € Ha.

Remark 2.1. The requirement P(t)—PY € &5($,) implies, according to the Shale-
Stinespring Theorem [26, 30, 32], that the Fock space representation associated with
P(t) is, for any t, equivalent to the one associated with PY (see also [34] and, e.g.
, [21, Appendix]). Therefore P(t) is associated with a BDF state in the free Fock
space which is a Bogoliubov rotation of the free vacuum.

Notice that we do not assume ()7 to be trace-class, since we strongly believe
that this property will not be conserved along the solutions, i.e. Q(t) ¢ &1(9Ha)
as soon as t > 0, even if one starts with a Q; € &1($,). This belief is supported
by the fact that the stationary solutions constructed in [21, 22] are in general not
trace-class. Of course, this forces us to add an UV cut-off A in order to obtain a
well-defined density via (2.2).

On the other hand, Q(t) can be shown to be indeed P°-trace class, a concept
introduced in [21] and which we redefine here for the reader’s convenience: an
operator A € G(£,) is said to be P°-trace class, if AT := (1— P°)A(1— P°) and

A=~ := PYAP° are trace-class (€ G1($,)). The associated P'-trace of A is then
given by
(2.5) trpo A=tr ATt 4+ tr AT,

Notice, if A is even trace-class then
trpo A =tr A, AEGl(ﬁA>.

In the following, we denote by &% ’ (HA) the set of all PO-trace class operators and
remark G’ (§,) C 5(H24), by definition. It was shown in [21] that any difference
of two projectors satisfying the Shale-Stinespring criterion, ie. Q = P — P ¢
S2($4), is automatically in &F°($4). This yields for the solution of (2.4), if it
exists, that P(t) will be such that

Q(t) = P(t) — P° € & (%))

Moreover, by [21, Lemma 2], we know that trpo(Q) is always an integer, and thus
an appropriate tool for describing charge sectors. In the following, we shall show
that the total charge is a conserved quantity along the solution, i.e.

trpo(Q(t)) = trpo(Qr)-

As we shall see, another conserved quantity for Q(t) is the Bogoliubov-Dirac-Fock
energy [3, 1, 21, 22]. This energy is defined, for any @Q = P — P € H, (P being a
orthogonal projector), by

(26) £(Q) =t (D°Q) ~ aDlpg.n) + 5 Dipgue) — 5 [[ 1= vy,

where

D)= 1e [ L0

In [21, 22], it is shown that & is bounded from below and moreover admits a
minimizer Q = P — P°, which obeys the self-consistent equation

(2.7) P =X(-o00) (Dg) -

Obviously, this implies that Pisa stationary solution of our evolution equation
(2.4), since [Dg, P] = 0 holds. Notice that Q is never trace-class as soon as n # 0.

‘We can now state the main result of this work:
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Theorem 1. Let A >0, 0 < «a <4/m and n € C. Then, for any initial orthogonal
projector Py such that Qr = Py — P° € Hy, there exists a unique mazimal solution

P(t) € C* ([0,00), P’ + Ha)
of the Cauchy problem (2.4). Moreover, one has

trpo(Q(t)) = trpo(Qr) and  E(Q(t)) = £(Q1),
with Q(t) = P(t) — P°, for all t € [0,00).

If the exchange term Q(x, y)/|z—y| is neglected in Dg, like in the original papers

of Dirac [7, 8], our theorem is valid for any o > 0. This can be easily seen from the
proof given in Section 3 and the properties of the reduced BDF energy, as stated
in [22].
Remark 2.2. In the present work we adopt the original point of view of Dirac
[7, 8] and others [25, 36] by fixing P° as the unobservable background. In principle
other translation-invariant choices could be made. Moreover Theorem 1 can be
generalized, in a rather straightforward way, to cases in which a time-dependent
external potential o(t), such that |k|(t, k) € C1([0,00),C), is included. This situ-
ation might be considered in the study of time-adiabatic systems or in scattering
theory.

Our method of proof is similar to classical arguments already used for the
Hartree-Fock theory, based on Schrodinger’s equation, cf. [5, 6] and the refer-
ences given therein. We indeed solve the evolution-problem written in terms of
Q(t)=P(t)— P’ ie.

d
(2.8) i Q(t) =[Do, Q) + Vo, P’],
Q(0) =Qr € Ha,

VQ = PA (a(pQ — n) * i — aQ(:&y)) PA.

1 =yl
We shall first prove the existence of a unique local-in-time solution in H by clas-
sical arguments. Then, we show that the BDF energy (2.6) is constant along this
solutions, which consequently implies that it is indeed global-in-time, since & is
bounded-below and coercive. Note that these are two fundamental properties not
valid for the usual Dirac-Fock energy which is unbounded from below, each of its
critical points having an infinite Morse index [11, 12]; see also [13] for a related
study.

where

Remark 2.3. The existence of a bounded below energy-functional £, conserved
along the solution P(t), is indeed a huge advantage of the BDF-model in comparison
to other nonlinear Dirac equations, see, e.g. [10, 16, 19, 29]. There global-in-time
solutions are obtained with quite strong restrictions on the considered initial data,
due to the non-existence of such an a priori energy-estimate. More precisely, suf-
ficient smallness assumptions within appropriate Sobolev norms are required in
[10, 16, 29]. Similar assumptions for initial data corresponding to sufficient small
scattering states at ¢t = +oco are used in the related study of [14, 15].

3. PROOF OF THEOREM 1

As mentioned above, we prove the existence of solutions to the system (2.8)
written in terms of Q(t) = P(t) — P°

(31) 1 2Q() = F(Q()),
Q(0) =Qr € Ha,
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where

1 Q(z,
(3.2) F(Q)= [DQvQ] + [VQ7PO]7 Vo ="Pa (a(pQ - n) * ﬁ - |$(_ Z)> Pa
We start by proving first the existence of local-in-time solutions.

Lemma 3.1. Let be A > 0 and n € C. Then, for any Qi € Ha, the nonlinear
evolution problem (3.1) has a unique mazimal solution

(3.3) Q€ C' ([0,T),Ha)-
Moreover, if the mazimum time of existence T is finite, we have
(3.4 lim Q(1)] = o0

Proof. By Cauchy’s Theorem, we need to show that F' is locally Lipschitz for the
Ha topology. To this end, we first prove that there exist constants C1, Co and Cjs
such that

11D, Qlls, (s, < C1llQl,
(3.5) IV, @ 1||@2 o < C2lQINQ,
[Va: P, 6, < C5lIQ1,

where D¥ := Py(D° — an * 1/| - |)Pa. Let us start by noting that for any p € C,
there exists a constant s such that

1
SR

(3.6) < kEA)|plc

Soo($Hn)

where FE(z) = /14 22, and which is an immediate consequence of the following
inequality proved in [22, Proof of Theorem 1, step 3]

< s lple 1D

‘ 1

pP* i
|-

Therefore, we can estimate

ID%, Qlls,5,) < 21D%ls . (54) 1Qle,(5,) < 21+ ar|nfo) E(A) |Qle, 5,
and, denoting ¢qg = apg * 1/| - |, we get
e, @le, s, < 2EM)akpole 1Q s, (s, -
On the other hand, Rg := Q(=, y)/|:v — y| satisfies
|Q z,y)| 2
ol o = [[ 0 S drdy < 4tr (“A)Q2) < 4A[QI o,
by Hardy’s inequality. Hence

[1Bo: Plllle, s,y < 8YAIQl, 0,) IP° < 8VA @l 5) -

HGOO(S’JA)
and

[Ro. Qa0 < 21Rale 5 1@ les00) < 4VA IRl (5 1 lenio -

To prove (3.5), it therefore remains to estimate the Hilbert-Schmidt norm of (g, P°].
Since the kernel of g P? in the Fourier domain is (27)%/2%0 (p—q) P°(q), we obtain
2

0. Plp.a)| = (2m)°18a(p — )P Trea (PO (p) — P°(q))?
= 2021)°|Gg(p — q)[*Tres (PO (p) P (q))
where P{ =1 — P° By Lemma 12 in [21], we have

lp — q|?

(3.7) Tres (PO(p)PY (q)) < 2E((p+ q)/2)2’
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and thus

0112 3 |/3§(p*q)|2
[leq, P ]||62<m> < (2m) //|p|7|q|<A = aPE(p + q)/27 dpdg,

which yields
0
H[S@Qap ]Hﬁz(.ﬁ/\) < Calpale
for some constant C'x depending on the cut-off A. This consequently proves (3.5).
It remains to study F in the C norm. To this end, we remark that the density
corresponding to [¢g, Q] vanishes, since

(38)  Plpg.q(k) = // Go(p+ k)2 — 8)TrcaQ(s,p — k/2) dpds

*//@(8*erk/Q)Tr@;@(erk/2,s)dpd5:()7

by a simple variable transformation. Likewise the density of [pg, P°] vanishes since
the Dirac matrices (ay)3_, and 8 have vanishing C*-trace. Similarly the density
of [Rg, @] is identically zero due to the symmetry in (). Therefore, it remains to
prove the continuity of the linear terms [D?, Q] and [Rg, PY] in the C norm. We
find

pog(k) 1 0 . B
k| T (2n)32k| \p\gATrC4 (D (p+k/2)Qp+k/2,p—k/2)
~Qp+k/2,p— k/2)D"(p — k/2)) dp
1 o-k ~
- (2 O k2, k/2)) d
(27)3/2 /pSATTC < 7] Qlp+Fk/2,p /2)> p
and thus
I 1/2
ook ~
o a®l < oy ( / |Q|2<p+k/2,p—k/2>dp> ,
lpl<A

with Cy = v/12/(27)3/2, using Schwarz’s inequality for matrices as well as functions.
Squaring and integrating over k implies

loi0.aille < ColBO, M2 [Qls, 5, -

Additionally
7 k
(3.9) el [RQ[Z"”( ) _

/|p|<A Trea <|]1€| (I:’O(p'F k/2) — Po(p— k/?)) RQ(p+ k/2,p— k/2)> dp.

By inequality (3.7) we thus have

L
E(p)?’
which, using Schwarz’s inequality first for matrices then in the integration over p,
leads to

Tres ((P°(p+k/2) — P(p — k/2))?) = 2Trcs (PP (p + k/2) P (p — k/2)) <

”p[RQxPU]Hc < Ca ”RQ||62($9A) < Ca HQ||62(YJA)
and thus the assertion of Lemma 3.1 is proved. (]

Let us now show that P(t) := Q(¢) + PV is indeed a projection for any ¢ € [0,7T).

Lemma 3.2. Let be A >0, n€C, Qr = P — P° € Hy and (Q(t),[0,T)) given by
Lemma 3.1. Then P(t) = Q(t) + P° is an orthogonal projector.
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Proof. Define a new unknown A(t) := P(t)> — P(t). Then A = PP + PP — P,
which, together with (2.8), yields

(3.10) ‘ % A(t) = [Dq), A,
A(0) =P} - P, =0.

Since Dy € C*([0,T),S(H4)) this equation obviously admits a unique maxi-
mal solution in &1($,) and therefore A(t) = P(t)?—P(t) = 0forany t € [0,7). O

As a consequence, we infer from Lemma 2 in [21] that Q(¢) = P(t) — P is
PY-trace-class and that its charge trpo(Q(t)) is an integer. Indeed, we also know
that

trpo(Q(t)) = tr(Q()%).
Since t € [0,T) — Q(t) is continuous in the G5(H,) topology and therefore also
in the G3($H4) topology, we obtain that ¢t € [0,T") — trpo(Q(t)) is continuous and
hence constant, i.e.

Yt € [0,T), trpo(Q(t)) = trpo(Qy).

We now show that the BDF energy is also constant along the solution which will
imply that T' = oo.

Lemma 3.3. Let be A >0, ne€C, Qr = P — P’ € Hp and (Q(t),[0,T)) given by
Lemma 3.1. Then E(Q(t)) = E(Qr) for any t €[0,T).

Proof. Let us first show that Q(t) € 6{30 (9a) for any t € [0,7). Indeed [Vg, PY] is
obviously in &7 (§,) since
PV, PYIP° = PV [V, P'1PY = 0.
To proceed further, we denote P; := X(—o0,0)(Dot)), Where Dy is defined as in
(2.3), i.e. including the spectral projections Py. Then P; satisfies P,—P° € G3(9,),
for any t € [0,T) by the results given in [26].
Let us now recall the following fact, proved in [21, Lemma 1], which we shall

use: if P and P’ are two orthogonal projectors, such that P — P’ € G3(94), then
it holds:

(3.11) Ae6P($,), if and only if A€ &7 (), and trp A = trp: A.

Using (3.11), we deduce that Q(t) € &7 () = &F°(§4) for any ¢ € [0,T) and
therefore
Pi[Dg), Q)] Pr = [Dg), PQ() Py € &1(Ha),
since P;Q(t)P; € 61(Ha) and D) € Go($Ha). Using again (3.11), we infer
[Dg), Q1) € &7 (9) = 67°(H4) and therefore Q(t) € & (§,), which easily
implies

% trpo(Q(t)) = trpo(Q(1))-

By means of Lemma 5 in [21], that is

Q(z,y)
|z — vy

trpo (D°Q(t)) + aD(pg — n, o) — atr (

we consequently obtain

Q(t)) = trpo(DgQ(t)),

%E(Q(t)) = trpo (DQ(t)Q(t))'

Hence, inserting equation (2.8) gives

a (Q(t)) = —itrpo (Dgy[Day, Q(1)]) — itrpo (Do Vo, P°)) -

(312) &
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The first term on the right hand side vanishes again due to (3.11), since

trpo (Do Do, QW)]) = tre, (Do [Paw, Q(1)]) = 0.
Concerning the second term on the right hand side of (3.12), we first notice that
obviously trpo(D°[Vg ), P°]) = 0. Furthermore we evaluate

PV [V, PYIP° = POV POV PP,

as well as

PYVg[Vg, PYIPY = —PYVo PPV PY.
Together with the fact that P{ Vg P? € Go($4), this yields

trpo (Vo [V, PY)) = tr ([P°VoP?, P! Vo P%) =0,
and thus it holds
Ce@Qu) =0,
which concludes the proof. O
This finally allows us to end the proof of Theorem 1.

Corollary 3.4. Assume that 0 < a < 4/w. Let be A>0,n€C, Qr =P — P’ ¢
Ha and (Q(1),[0,T)) given by Lemma 3.1. Then T = cc.

Proof. Since P(t) is a projector, we have —P° < Q(t) < 1 — P°. We know from
[22, Equ. (26)] that & is coercive, for 0 < o < 4/, on the set

Sa={Q €M, —P’<Q<1- P},
due to the following inequality

Q s (6% 2
EQE) + 5 Inlg = (1= aF) trpo(D°QW) + 5 g — 7l
and the fact that, when @ € Sy, it holds
trpo(D°Q) > t1(ID°|Q) > |QI%, (5, -

Since £(Q(t)) = £(Qrp), this consequently implies that ||Q(¢)|| stays bounded for
a < 4/m. Therefore the maximum time of existence is 7" = oo and Theorem 1 is
proved. O
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