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ABSTRACT. This paper is devoted to the Hartree-Fock model with temperature in the
euclidean space. For large classes of free energy functionals, minimizers are obtained as
long as the total charge of the system does not exceed a threshold which depends on
the temperature. The usual Hartree-Fock model is recovered in the zero temperature
limit. An orbital stability result for the Cauchy problem is deduced from the variational
approach.
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1. Introduction

The Hartree-Fock model with temperature is a simple extension of the Hartree-
Fock model 22. The minimization of the free energy determines an equilibrium
state in the presence of a thermal noise, whose effect is to populate electronic
states corresponding to excited energy levels. Compared to the energy functional of
the standard Hartree-Fock model, the free energy of the Hartree-Fock model with
temperature 7" has an additional term, which is the product of T" with an entropy
term. The standard Hartree-Fock model corresponds to the limit case 7' = 0.

The Hartree-Fock model with temperature has been studied ®2* in the case of
an entropy based on the function S(v) = vlogr + (1 — v)log(l — v). The main
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drawback in this case is that the free energy is unbounded from below when the
model is considered in the euclidean space.

It has been recently established 2 that the free energy for a quantum system
described by a mized state or a density operator, in the presence of an external
potential V', can be uniformly bounded from below by a functional depending on V.
This follows from interpolation estimates of Gagliardo-Nirenberg type for systems,
which are equivalent to Lieb-Thirring inequalities. The result of course depends on
the convex function on which the entropy is based. We shall not make a direct use
of such inequalities, but our approach will rely on classes of entropies for which the
free energy is well defined and semi-bounded if V(x) = Z/|z|.

We shall add another ingredient, which comes from the modeling in quantum
mechanics. We will impose that occupation numbers take values in [0, 1] because
the electrons are fermions. This can be formalized by considering entropies based
on convex functions with support in [0, 1] and by assuming that they take infinite
values on R\ [0, 1] . In this paper, we shall adopt the language of density operators: a
state of the system is represented by a trace-class self-adjoint operator v satisfying
0 < v < 1. Occupation numbers n; are the eigenvalues of the density operator:
¥ = > ;51 M |ui)(u;| . When only a finite number of eigenvalues is non-zero, the
operator is of finite rank. We shall say that it describes a pure state when all non-
zero occupation numbers are equal to 1, i.e. v is an orthogonal projector. Minimizers
of the Hartree-Fock model are of this form, but this will not be the case in general
when the temperature 7' > 0 is big enough: in this case the corresponding minimizer
is a mized state, that has some non-integer eigenvalues.

A practical consequence of the positivity of the occupation numbers is that the
exchange term is dominated by the Poisson term in the Hartree-Fock energy func-
tional. In the case of a bounded domain, not much is changed when the temperature
is turned on. A pure Hartree model (without the exchange term), which is usually
called the Schrédinger-Poisson system, has already been studied 2513,

The purpose of this paper is to deal with the whole euclidean space and we
shall see that many families of free energies can be considered, each of them giving
rise to minimizers under some conditions which eventually depend on the tempera-
ture. This is not surprising. Similar phenomena have indeed been observed in other
models of mechanics, for instance in kinetic theory. The most studied example is
probably the case of self-gravitating gases in astrophysics. In such models, relaxation
mechanisms are not so well known, but stationary states can be observed and the
corresponding free energy functional, which is also called the energy-Casimir func-
tional, can then be recovered quite easily. Stationary solutions being characterized
as minimizers of the free energy, orbital stability appears as a simple consequence
for the collisionless version of the equation 2®. In presence of collisions, the picture
is compatible with hydrodynamic or diffusive limits, which provides a very natu-
ral link with nonlinear diffusion equations !4. Similar results are known in other
frameworks like fluid mechanics ! or nonlinear Schrédinger equations ?. The strik-
ing observation is that many different stationary states can be used simultaneously
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for measuring the orbital stability of a given solution to the Cauchy problem.
In this paper, we will focus on the mathematical aspects of this model. We
consider free energy functionals of the form

— M () = TS(7)

where EHF is the Hartree-Fock energy and the entropy takes the form

S(y) == —tr (6(7)),

3 being a convex function on [0, 1]. We study under which conditions (for instance
on the total number of electrons, or global charge) such a free energy has a mini-
mizer.

Next we consider the stability of the associated time-dependent equation de-
scribing the evolution of the state 7,

i), (11)
which is called the von Neumann equation. Here H,, is a self-adjoint operator de-
pending on v but not on the function 8. Orbital stability is then a straightforward
consequence of the variational method and the existence theory for the Cauchy prob-
lem 10 Since we consider a large class of entropies based on various functions 3,
we thereby construct a large class of associated stable states of the time-dependent
equation (1.1).

The paper is organized as follows. In the next section, we state our main results
and only give the shortest proofs. Other proofs are detailed in Section 3.

2. Results
2.1. Definition of the free energy

The Hartree-Fock energy, written in terms of the density matrix v, reads

1 [RICHIIS
EUE(4) = tr —A”y—Z/ p'yd:c—i- D(p~, pv) // drdy .
O =elCN =2 R 2P g e Tl
(2.1)

The first term of the right hand side of (2.1) is the kinetic energy of the electrons
and the second is the electrostatic interaction with a classical nucleus of charge Z,
located at 0 € R®. We use the notation

= e T

for the classical Coulomb interaction between two densities of charge f and g.
Such a quantity is well-defined as soon as, for instance, f,g € L/5(R3), by the
Hardy-Littlewood-Sobolev inequality 2'. The last two terms of the r.h.s. of (2.1)
describe the interaction between the electrons. The classical electrostatic interaction
D(p~,py)/2 is usually called the direct term. The last term of (2.1) is a purely
quantum term, which is a consequence of the Pauli exclusion principle, called the
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exchange term. The Hartree-Fock energy (2.1) was first studied from a mathematical

point of view by Lieb and Simon 2? and then by various other authors 2354,

The Hartree-Fock model with temperature ° relies on the free energy, which is
defined as

Ex(7) == EMF () + Ttr (B(7)) - (2.2)

The function £ in (2.1) is a convex function defined on [0, 1] with values in R. To
take into account the constraint on the occupation numbers, we extend it to +o00
on R\ [0,1]. The quantity — tr (8(7)) is the entropy and T is the temperature. In
quantum mechanics, a common choice is S(v) = vlogr + (1 — v)log(1 — v), but
the model makes sense only on a compact subset of R? or for finite-rank density
matrices 2. We shall investigate other entropies '? for which the problem can be
studied in the whole euclidean space.

In the whole paper, we assume that
(A1) g is a strictly convex C* function on (0,1),
(A2) f(0)=0and 8>0on [0,1].
Then we introduce a modified Legendre transform of §

g(\) := argmin (Av + 8(v)) ,

0<r<1

i.e.
g(n) = sup {inf {(8) 7 (=1, 1}, 0} .
Notice that g is a nonincreasing function with 0 < g < 1. Also define

B (A) == Ag(A) + (Bog)(N) -

As we will be interested in the minimization of the energy (2.1) under a charge
constraint of the form try = ¢, we can substract T'3'(0) try to the definition of the
free energy (2.2). Hence we shall assume from now on that

(A3) 3 is a nonnegative C'* function on [0,1) and 3'(0) =0,

without much loss of generality. With this assumption, gr+ = 0 and g is positive
on (—00,0). Then we also assume that §* satisfies the following condition,

(A4) > 2 |p*(-2%/(4T %)) | < 0.

Jj=>1
The role of this T-dependent condition is to ensure that the ground state free
energy is finite, using an estimate based on the eigenvalues of the no-spin hydrogen
atom. We recall that the eigenvalues of —A — Z/|x| are —Z?/(4 j2) and that each
eigenvalue is degenerated with multiplicity j2.
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Example 2.1. A typical example '? is
Blv) =v™

which satisfies (A1)—(A4) as long as 1 < m < 3. In this special case

1

min { ()77 1} i A <o,

g(\) =

0 otherwise,

and

m

BrA) =—-(m—1)(=2)"7T if —m<A<O0.

We define next an adapted functional setting for the definition of the energy in
terms of density matrices. Let us introduce the following space of operators

9= {7 P®) = L) |y =", y €61, V=AW V=R €&},

where we have denoted by &; the space of trace-class operators 27:3°, This is a
Banach space when endowed with the norm

[l = tr [y +tr (V=Aly|V=4).
We also introduce the convex closed subset of §) defined by
Ki={ye®H|0<~y<1}.

Since (3 is convex and 5(0) = 0, we have 0 < 8(v) < B(1) v on [0, 1]. Hence for
any v > 0, we have 0 < 8(y) < (1) v. This proves that 8(y) € &; when v € &3
and therefore tr (3(7)) is well-defined for any v € K.

For any nonnegative operator v, we use the shorthand notation

tr ((—A)7) :=tr (\/IWM) € RU{+o0}.

Of course tr ((—A)~) is finite when v € K.
For any v € IC, we define the associated density of charge:

pr (@) = A(x,x) € L' (®?)

where v(x,y) is the kernel of the trace-class operator «. Using the spectral decom-
position of v, the following classical inequality is easily proved:

Vrek, (Vo [ < tr (VAT VEA).

Hence we have

vrek, VA s <17l -
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and, as a consequence, p, € L'(R%) N L3(R?) ¢ L%5(R?). This also shows that

fRsp()

ity 2!. Finally, from ~ > 0, it follows by the Cauchy-Schwarz inequality for sequences
that

(pv, py) < 00, by the Hardy-Littlewood-Sobolev inequal-

(@, y)? < py(x) py(y)  for ae. (z,y) € R® x R?, (2:3)

so that

// dwdy < D(py,pq) <
R3 xRR3 |517—

These considerations show that Eg introduced in (2.1) is a well-defined funtional
on K. We are also interested in minimizing £ g under a constraint corresponding to
a closed convex subset of IC,

Ke={yek|try=q}.

2.2. The linear case

We now recall the properties of the linear case corresponding to

fg(”y) = tr ((—A) ’y) — Z/RS r;] dr + T tr (5( )) . (2.4)
This corresponds to the case where the last two terms in (2.1) are removed, i.e.
£2(y) = FE(7) + = 5 D(pr.pr) // b y)P da dy .
R3 xR3 |33 -yl

Assume that 3 satisfies (A1)—(A4). Then a straightforward minimization 12 gives

inf Fo(y) =3 j? ( ) 2.5
inf F7(7) Z: p(F) > o0, (2.5)
j>1
where \; = —42—.22 are the negative eigenvalues of —A — Z/|x| with multiplicity j2.

A ground state for (2.5) is formally given by

_ 1 z
7—9(7(—A—m)) :
However, this state does not necessarily belong to . Although its kinetic energy is
finite by (2.5), its trace

D) =t (g (#(-2-5))) = ng( He@o] (26

could in principle be infinite. Then the minimization problem with constraint

inf FJ 7 (7) (2.7)

yeK,
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| 1<m<5/3 | 5B3<m<3 ] m=>3 |
gin (T) < > gin (T) = Linear
energy (2.4)
Existence iff Existence unbounded
0<q< agiax(T) Vg>0 from
below
Energy (2.4) bounded from below

Table 1. Existence and non-existence of minimizers with a finite trace for (2.7) for S(v) = v™.

lin

admits a minimizer for all ¢ > 0 if ¢, = oo, whereas it has a minimizer if and

only if ¢ € [0,¢!2 ] if ¢ < co. In all cases, this minimizer solves the equation

v=g(-a-F-w)

for some p < 0, a Lagrange multiplier which is chosen to ensure that the condition
try = g is satisfied. The function p — ¢(p) = tr (¢((=A — Z/|z| —p)/T)) is indeed
non decreasing and satisfies g(u) = 0 for u < 0, || large enough and q(p) — ¢
when p — 0. The range of the function g(u) gives all possible ¢’s for which there is
a minimizer for (2.7).

When ¢l is finite, it can take very small values, depending on the tempera-
ture T'. For instance, let us take B(v) = v™ as in Example 2.1. In this case we see
that ¢l < oo if and only if m < 5/3 , as summarized in Table 1. For T > Z2/(4m),

max

. Z2 ﬁ 5 Z2 ﬁ m— 2
lin _ E R e
Qmax(T)_ <4Tm> J (4Tm) <<2m_1) (28)

j>1

where ¢ denotes the Riemann zeta function. We observe that ¢/ (T) — 0 as

max

T — oo . We shall observe a similar result in the nonlinear case.

2.3. Minimization of the free energy

As a consequence of (2.3) and (2.5), we obtain that Eg is bounded from below on K
for any ( satisfying (A1)—(A4). Hence we can define

15(q) = inf {€5(7) | 7 € K and tr (3) = ¢} (2.9)
and

17 = inf {€5(7) |y €K} = inf 1°(q)

It is easily seen that Eg is continuous for the topology of $. If we do not put any
external potential, that is if we take Z =0, Ig(q) can be computed explicitly:
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Lemma 2.1 (Ground state energy with Z = 0). Assume that § satisfies (A1)—
(A4) for some T > 0. Then we have for any q¢ > 0

IJ@= _inf  B(ni)=p(0)g=0.

Ognlgl
2121 ni=q

Proof. Let Z =0. By (2.3) and using tr ((—A)v) > 0, we have that

15 (q) > inf tr (B(v) = _inf Y B(ni) =

0<n;<1
try=q 2121 n;=q i>1

Now let € > 0 and v =3, ;. x Vi |i){i| be a finite-rank operator such that
tr (B(y)) < inf tr(B(7)) +e=c¢.
Y ex
try'=q

As the ¢;’s can be chosen arbitrarily, we can assume that ¢; € H?(R3) for all
1 < i < K, in which case (—A)y € &;. Let U, : L?*(R3) — L*R3) be the
dilatation unitary operator defined as U,(p)(z) := 7%/2¢(nx) and which is such
that Uy = Uy, . Notice that Uy U, € K and that tr (8(U;yU,) = tr (8(v)) for
all p > 0. Using the equality (—A) U, = n> U,(—A), we infer

tr ((—A) Upvy Uy) = % tr ((—A)7) .

Similarly, the kernel of Uy~ U, is (UyyUy)(z,y) = n=3~y(x/n,y/n). Hence
Pz, (2) =172 py(2/n) and

1
D(pU;;vUnapU;;vUn) = ED(p’WpV) ’

Uz 4 Uy)
// 2 ddy— // M@ 9P g
RS |517— RS |:17—y|

Hence we have

EJUEAU,) < Cfn+tr (B(y)) -

Taking first n — oo and then € — 0 yields the result. O

We now state our main result.

Theorem 2.1 (Minimization for the HF model with temperature). Assume
that B satisfies (A1)—(A4) for some T > 0.
(1) For every q > 0, the following statements are equivalent:

(i) all minimizing sequences (Yp)nen for Ig (q) are precompact in IC,
(i%) Ig(q) < Ig(q') for all q, ¢ such that 0 < ¢’ <gq.
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(2) Any minimizer v of Ig(q) satisfies the self-consistent equation

Z o1 ()
vy=g((Hy—p)/T), Hy=-A-tp, |- |7} - 22
(( =w)/T) . My ol T o=l
for some 1 <0.
e minimization problem q) has no minimazer if q > +1.
3) The minimizati blem 15(q) h inimizer if ¢ > 27 + 1

(4) Problem Ig always has a minimizer 7. It satisfies the self-consistent equation
7 =9(Hy/T).
Remark 2.1. We shall prove below in Lemma 3.3 (also see Lemma 2.1) that
Vg, ¢ such that 0 < ¢’ <q, 17(q) <I3(a—d)+15(d) =T5(a—4q) .

The proof of Theorem 2.1 is given below in Section 3.1. Let us investigate the

validity of Condition (i) in Theorem 2.1. We first give a bound on the largest
HF

possible charge ¢;,;. of minimizers by comparing with the linear model.

Proposition 2.1. Assume that § satisfies (A1)—(A4) for some T > 0. Then the
minimization problem (2.9) has no solution if ¢ > ¢'1  as defined in (2.6).

As a consequence of Proposition 2.1 and Part (3) of Theorem 2.1, we obtain
that the largest possible charge ¢lIF' for the nonlinear problem (2.9) satisfies

Smin{qlin 2Z—|—1} .

max ?

HF
Imax

HF

max

In case of Example 2.1, for 8(v) = v™, the largest possible charge ¢
to zero as T — oo, by (2.8).

converges

Proof. Let v be a minimizer of Ig (¢) for some ¢. By Theorem 2.1, it solves the
self-consistent equation v = g((H, — p)/T) for some multiplier 1 < 0. Next we

notice that
L y(z,y)
Py k — — >0 (2.10)
T eyl

in the sense of operators on L?(R?). In fact, we notice that

(o 7= 5250 o)
_ // (@) W) — @) o) L@ VW) 40 s g

|z -yl
by the Cauchy-Schwarz inequality. Then (2.10) follows from the decomposition v =
2 j>1 M les) (] with n; > 0. From (2.10) we deduce that

Z
H,>-A- =
]

in the sense of self-adjoint operators on L?(R?). Since g is nonincreasing, we infer

g =tr (g((Hy = p)/T)) < tr(g(Hy/T) < tr (9((=A = Z/|2])/T)) = G - O
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HF

max *

On the other hand we can give a positive lower bound on ¢

Proposition 2.2. Assume that § satisfies (A1)—(A4) for some T > 0. Then for
all q such that

qugmin{Zg(_iZT_jg)z) ,Z}, (2.11)

Jj=1

Condition (ii) in Theorem 2.1 is satisfied.

Remark 2.2. With \;(¢) = —£2/(45?), if >_i>19(\i(€)/T) = oo for any e > 0,
existence of a minimizer for Ig () holds for all ¢ < Z, whereas, if } .~ g(\;(€)/T)
is finite for some € > 0, we get the existence at least on an interval [0, ¢max] for some
Gmax > 0, because the right hand side of (2.11) does not converge to 0 as ¢ — 0. It
is natural to conjecture that existence holds true if we replace > .~ 9(\;(Z —q)/T)
by > is1 72 9(\;(Z —q)/T in the r.h.s. of (2.11), like in the linear case, but we have
been unable to prove it.

If B(v) = v™ with 1 <m <3, then > -, g(\;(e)/T) < oo for any € > 0, and
so existence holds true on some interval [0, ¢max] -

The proof of Proposition 2.2 is given below in Section 3.2. The case T' = 0 is
22,23 and it is not difficult to see that estimates are uniform as T — 0, .
Summarizing, we have found the following existence result.

well known

Corollary 2.1 (Existence of minimizers for the HF model with tempera-
ture). Let T > 0. Assume that 8 satisfies (A1)—(A3), and (A4) if T is positive.
Then there exists qmax > 0 such that the minimization problem (2.9) has a mini-
mizer for any q € [0, Gmax] -

2.4. Orbital stability

An interesting consequence of Theorem 2.1 and Corollary 2.1 is that the set of all
minimizers is orbitally stable for the von Neumann time-dependent equation, which

reads
cdy
t ar [Hv J ”Y] J
(2.12)
¥(0) = €K.

It was proved in !0 that (2.12) has a global-in-time solution ¢ — ~(t) € C}(R, K)
for all fixed vo € K4 and that tr (y(¢)) = ¢, EFF(v(t)) = EFF () for all t € R,
Since B(v) commutes with H.,, it is clear that tr (8(y(t))) is also conserved.

For given 3, Z > 0, ¢ > 0 and T > 0, let M be the set of all minimizers for
(2.9). We shall say that M is orbitally stable if and only if for any ¢ > 0, there
exists 7 > 0 such that for all vy € K, with dist(yo, M) < n, if t — ~(¢) is a
solution of (2.12) with initial data 7o , we have dist(y(t), M) < € for all t € R. Here
dist(y, M) = infsepm ||y — Il 5 -
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As a consequence of the continuity of F g and of the variational approach of
Section 2.3, we have the

Proposition 2.3 (Orbital stability). Assume that (3 satisfies (A1)—(A4) for
some T > 0 and that (i) holds true in Theorem 2.1 for some q > 0. Then M is
orbitally stable.

It is interesting to emphasize that we have been able to construct a large class of
orbitaly stable states for the von Neumann equation (2.12). Indeed, any function g
satisfying the above assumptions gives rise to an orbitaly stable set M in K.

3. Proofs of Theorem 2.1 and Proposition 2.2

For the sake of simplicity, we shall assume that 7" = 1. Proving the same results for
any T > 0 does not add any difficulty.

3.1. Proof of Theorem 2.1

We recall that according to [Reed-Simon, Thm VI.26] 27, & is the dual of the space
of compact operators acting on L?(R3). Hence we can endow the Banach space $)
with the weak-* topology for which v, — v €  means

tr(p K) — tr (yK) and tr(vV—AvV-AK) — tr (V-AyV-AK)

for all compact operators K . The convex set K is closed for the strong topology
of $ and also closed for this weak-* topology. Of course our main problem will be
that when -, — v in KC, there could be a loss of mass at infinity in such a way that
try < liminf,,_,o tr~, . Indeed the linear functional 7 + tr~ is continuous but not
weakly-* continuous on $), i.e. the sets

Ky:={yeK|try=gq}

are not closed for the weak-* topology.
The proof of Theorem 2.1 follows some classical ideas which have been intro-
duced in various papers 22:23:3:17:18,

Step 1. Properties of the energy.

Lemma 3.1. Assume that ( satisfies (A1)—(A4) withT = 1. Then Eg is weakly-*
lower semi-continuous (wilsc-x) on K. For every q > 0, it is coercive on

frekKltry<gt= |J Ky

0<q¢'<q

Proof. Consider a sequence {7y, }nen such that v, — v € K. Fatou’s Lemma gives
tr (\/—Aﬂy \/—A) <liminf,_, . tr (\/—A Yn \/—A). As {vn}nen is bounded in K,
Yn(z,y) is bounded in H'(R3 x R3) and ,/p-., is bounded in H*(R?). Hence, up to

a subsequence, we can assume that p,,, — p, strongly in L 1 <p < 3, and a.e.,
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Yn(z,y) — v(z,y) strongly in L{ , 2 < ¢ <12/5, and a.e. Hence (2.3) and Fatou’s

Lemma give

/A3XRS Py () py (y) — |72, y)|? iz dy

|z -y

_ 2
< limin < / / P (@) Py (y) = (@ )1 dy)
n—00 R3 xR3 |~”U - y|

tr (8(7)) < liminf tr (8(yn)) -

n—oo

and

Also

lim Prin (z) dx :/ Py T) (z) dx
RS

n—oo Jpa || ]

All this shows that Eg is wlsc-* on K. Now we have

200> jer (2 ve ((-32-5) 1)

||

> %tr (-A)y) —22%q

which proves that Eg is coercive as stated. O

Lemma 3.2. Consider a minimizing sequence {yn nen C K for Ig(q) and assume
that v, — v € K. Then v, — v for the strong topology if and only if try =gq.

Proof. Assume that 7, — 7 and try = ¢g. Then as Eg is wlsc-x on K, v is a
minimizer for Ig (¢) . Hence lim,,_, o Eg (yn) = Eg (y) . By the proof of Lemma 3.1, we
see that this implies in particular lim,,_, . tr (m Yn M) =tr (M*y M) .
This is enough 27 to obtain that 7, — 7 for the strong topology of . O

Step 2. Binding Inequalities.

Lemma 3.3. Assume that 8 satisfies (A1)—(A4) with T = 1. For every q, ¢ such
that 0 < ¢’ < ¢, we have

I5(q) < T3(d) - (3.1)

If equality holds with 0 < ¢’ < q, then there exists a minimizing sequence for Ig(q)
which is not precompact.

Proof. We consider two states vy € Ky and v/ € K, such that €5 (y) < I5(q') +¢
and 85 () < Ig(q —¢') + €. By density of finite-rank operators in K and of C°
. K K/

in L?(R3), we can assume that v = > e lei) (s and v = 3750l |l (@)
where the ¢; and ¢, are smooth functions with support in a ball B(0, R) C R?®. Now
we introduce the translation unitary operator V; defined as (V;¢)(z) = p(z — Te)
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where e is a fixed vector in R*. We use the shorthand notation v, := V*+/ V; . For
7 large enough, we have vy, =~.~ =0, hence v + 7. € K4 and tr (8(y + %)) =
tr (8(7)) + tr (8(7')) - An easy calculation shows that

I3(q) S EJ(v+7L) = E5() + E5 () + O(1/7) .

Taking first 7 — oo and then € — 0 yields (3.1) using Ioﬁ(q —¢') = 0 by Lemma 2.1.
If there is an equality in (3.1) for some ¢ and 0 < ¢’ < ¢, a non compact
minimizing sequence is built in the same way. O

Notice that by Assumption (A3) and Lemma 2.1, Lemma 3.3 implies that ¢ —
I g (g) is nonpositive, nonincreasing on [0, 00) .

Step 3. Proof that (i) < (4¢) . The implication (i) = (i7) was already proved in
Lemma 3.3. We now prove that (i4) = (7). To this end, we consider a minimizing
sequence {7V tnen C Ky . By Lemma 3.1, {7y, }nen is bounded in $. We can there-
fore assume that, up to a subsequence, v, — . We argue by contradiction and
assume that v, does not strongly converge to v. By Lemma 3.2, this is equivalent
to tr () # ¢ . Notice that by Fatou’s Lemma, try < liminf,, . trv, = ¢, hence
there exists a 0 < ¢’ < ¢ such that try = ¢’ . Modifying {7, }nen if necessary, we
can assume that {7, }nen is of finite rank and that (—A)~, € & for all n.

Now we follow a truncation method '718. Let us choose two C* functions x
and & with values in [0, 1] such that x? + &2 = 1, x has its support in B(0,2) and
X =1 on B(0,1). We denote xg(z) := x(x/R) and &g(x) := &(z/R) . By the IMS
localization formula, we have

—A=xg(—A)xr +E&r(—=A)ér — |Vxr|* — |VER|?,

from which we deduce that

tr ((—=A) ) > tr ((=A) Xr Y X&) +t7 (—A) ER 1 €R) —

AS 0y, = Pxrvnxn T Perynen » We have

Cq
R

D(P'ynap’yn) > D(pXR’YnXR5pXR’YnXR) + D(péa’ynERvPER'ynER)

where we have used that

Py (®) Py, (¥) XR(7)? ER(y)?
D(pXR'WLXR?pr'YnfR) = //Rﬁ : s iz — ] drdy > 0.

Using the estimates xr(7)? €r(y)?/|r—y| < 1/Rif |y| > 3R, and &r(y)? < &r(y)?
if |y| <3 R, we obtain

//RF [ (@, y) |x_(y|) ¢r()? d;ydy<—// |7n$y|2d:vdy

// Iy (2, )12 Xr(2)? x3R(Y)? i dy
RS |5U - y| .
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We may also observe that
/ (a,y)l* dedy = tr(v?) <tr(v) =g
R)

The last ingredient is the

Lemma 3.4 (Brown-Kosaki’s inequality ® ). Assume that 3 satisfies (A1)—
(A3). Let v € K and consider a self-adjoint operator X : L*(R3) — L?(R3) such
that X2 < 1. Then

tr (B(XvX)) < tr(XB(7)X) . (3.2)
Using (3.2), we obtain
tr (B(xrvxr)) +tr (BErYER)) < tr (B()) -
Hence we obtain

Eﬁ( > 55 55 |’Yn(x7y)|2 d
Z’Yn)— Z(XRFYnXR)‘F 0(§R'Yn€R>_?_ R§|$|§237dx Y .
R

Notice that tr ({R Yn §R) =q— tr (XRWn XR) and IO (q — tr (XRWn XR)) =0 by
Lemma 2.1. Summarizing, we have proved that

(. y)I?
€7 (V) = E5(Xr W XR) — 7 —/AKINR S ddy (33)
R<|y|<3R

Lemma 3.5. We have xXr Yn XR — XR7Y XR Strongly in &1, asn — oo. Hence

Jim tr (xpm xr) = tr (XY XR) -

Proof. We have
tr (Xryn Xr) =t (1= 28)Y2 5, (1= A)2(1 = 2)7 20 (1 - 2)712)
Since (1 — A)Y2, (1 — A)V2 = (1 = A2y (1 = A)Y/2 weakly in § and (1 —
A)~12x2 (1 — A)~Y/2 is a compact operator for any fixed R, we get
Tim tr (xrm XR) = tr (1= A)2y (1= A)V2(1 = A)7V2xG (1-28)712)
=tr (XRYXR) - -

Passing to the limit in (3.3) as n — oo using the value of Ig and the weak lower
semi-continuity of Eﬁ as proved in Lemma 3.1, we obtain

2
x?
13(0) = E30cn 7 xm) - 2 —/AKMQR Gt pry

R<|y|<3R |7 =]

Now we can pass to the limit as R — oo and we obtain
17(q) > 17(d) ,

which contradicts (7).
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Step 4. The self-consistent equation.

Lemma 3.6. Assume that ( satisfies (A1)—(A4) with T = 1 and consider a
minimizer -y for Ig (q) . Then, for some p < 0, 7y satisfies the self-consistent equation

”Y:g(H'V_N)'

Proof. The minimization problem is set on a convex set, so vy solves the linearized
problem

inf{tr ((H, + ') 7)} -

v'e

The function 3 being strictly convex, v also solves the convex minimization problem
inf {tr (Hy7'+8(7))} -
v'ER,

This minimizer is unique and given by g(H, — p) where the multiplier z is chosen
to ensure the constraint try = ¢ (this is an easy adaptation of (2.5)). Hence

v=9(Hy—n) .

Notice that oess (Hy) = [0,00), hence necessarily p < 0, since v is a trace-class
operator and g > 0 on (—o0,0). O

Step 5. Non-Existence if ¢ > 2Z + 1. The proof of Lieb 2° for the usual
Hartree-Fock case at zero temperature applies here. We only sketch it for the con-
venience of the reader.

Assume that I g(q) admits a minimizer ~y . It satisfies the self-consistent equation
v = g(Hy — p) . In particular, [y, H,] =0 and H,~ < 0. Hence we have

tr (|| Hy7) <0

Inserting the definition of H, , we obtain

02 (el (-8)9) = Za+ [ (o100 0) ~ b)) dody . (30)

Iw—yl

Now we have by symmetry

//Rs Iz —y| (1) py (y) = V() |?) dzdy

o+ o)
‘/@me 02() p3(9) ~ b))
// () Py (y Iv(xy)l)dxdy:%

where we have used the fact that try? < try = ¢ because 0 < v < 1. Using
that |z| (—A) 4+ (=A) |z| > 0 which is equivalent to Hardy’s inequality, we obtain
tr (Jz| (—A)v) > 0. Inserting in (3.4), this yields ¢ <22 + 1.

| \/
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Step 6. Existence for Ig . By Lemma 2.1 and Lemma 3.3, we have that ¢ — Ig(q)
is non-increasing. Condition (i7) can be written I5(q) < I5(¢') for all ¢’ € [0,¢q) . As
we know that for ¢ > 227 +1, 1 g (¢) has no minimizer, necessarily I g is constant
on[2Z+1,00):

Vg>2Z+1, I0(q)=1522Z+1).
Hence
Ig :inf{é'g(w) |yel, tr7§2Z+1} .
Now 52 is coercive and wlsc on {v € K| try < 2Z + 1} by Lemma 3.1, hence it
admits a minimizer, with a vanishing Lagrange multiplier p .

This ends the proof of Theorem 2.1. O

3.2. Proof of Proposition 2.2

We start the proof by two preliminary results.

Lemma 3.7. For any q >0, I5(q) <0 and limg o, I5(q) =0=15(0).

Proof. By Lemma 3.3, Ig(q) is nonincreasing, so it is enough to prove the result
for ¢ > 0, small. Let us construct a state v € K, with ¢ small such that Eg (v) <0.
If  is a normalized eigenvector of —A — Z/|z| corresponding to the first eigenvalue
—Z%/4, we choose

7= qlp) (e -

The result follows from
qZ° qZ?
Ej(1) = -+ P(q) =——+olq) as ¢— 0y,

4 4
since the direct and exchange term cancel for a rank-one projector. The fact that
Ig(O) =0 is a consequence of Ng>o {7y € K|tr(y) < ¢} = {0}. O

Lemma 3.8. Let v € Ky and denote by {)\;};>1 the ordered sequence of negative
eigenvalues of H, . Then we have
(Z—4q)
A< — 1z (3.5)

In particular H, has infinitely many negative eigenvalues converging to zero.
Proof. The proof is inspired by several former papers 2223, We consider the sub-

space V of L?(R3) consisting of radial functions. For any nonnegative function
p € V, we can estimate

/ p(y) d <I]R3pdx
R

ale—yl 77 |z
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by Newton’s Theorem. Recall that this is an easy consequence of the formula

1
u(z) :=/ o) dy = — pdy+/ Mdy
s [T — Y |z| lz|<|y| |z|> |yl [yl

By differentiating with respect to r = |z|, it is indeed easy to check that u is the

unique radial solution to (r?wu’)’ = —477? such that lim, ., u(r) = 0. Hence,
denoting dA(R) the Haar measure of SO3, if ¢ is a radial test function, we obtain

// d:z:dy—/ d\(R // )d:cdy
RS |5E - yl so3 RS |5E -

[ £ et foo, 2 ¥ p(RY)
R?

||

2 /
:/ )
R3 |z]

where Newton’s Theorem has been applied to fSO'g p~(Ry) dA(R) . This proves that

<

My i, Ty < Ty (-A - Z50) 1y

where IIy is the orthogonal projector onto V. The eigenvalues of the operator of the
right hand side, restricted to V, are non degenerate and equal to —(Z —¢')?/(42) .
By the theory of Weyl 27, we know that the essential spectrum of H., is [0, 00), and
so eigenvalues can accumulate only at 0_ . O

Let us prove Proposition 2.2. We argue by contradiction and consider a g € (0, Z]
satisfying (2.11) and for which (4¢) in Theorem 2.1 is false. This means that there
exists ¢’ € [0, ¢) such that Ig(q) = Ig (¢') . By Lemma 3.3, Ig is constant on [¢’, q] .
We take ¢’ as the smallest number satisfying this property. We notice that ¢’ satisfies
(2.11) because the r.h.s. of (2.11) is nondecreasing. By Lemma 3.7, we have ¢’ > 0.
Also Ig(q’) < Ig (¢") for any ¢” € [0,¢") . Hence ¢’ satisfies (i) and Ig (¢') admits a
minimizer 7. It satisfies the self-consistent equation

v=9(Hy—p)

for some p < 0.
If 4 < 0, by Lemma 3.8, we can choose an eigenvalue A; € (1, 0) with associated
eigenfunction ¢ . Notice that g(A\; — p) = ¢’(A\; —p) = 0 and

0<y+vip)el <1
for any v € [0,1]. Now we compute
E7(v+vledel) = E5(0) +v i + B(v) = I7(d) +v Xy +o(v) ,

by Assumptions (A1)—(A3). Hence Ig(q’ +v) < Ig(q’) for any v € (0, —¢'), a
contradiction.
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If w =0, then
_ . \2
¢ =tr(g(Hy) 2D g (%) ;
j=1
from which we deduce that ¢’ = ¢, again a contradiction. O

Concluding remarks

The Hartree-Fock model with temperature is a generalization of the usual Hartree-
Fock model, which corresponds to the zero temperature case. Many variants of this
model can be proposed in the case of the euclidean space, each of them giving rise
to minimizers which are in general finite rank operators, the rank being usually
larger than the number of electrons. Generically we obtain mixed states.

Almost for free, an orbital stability result follows from the minimization scheme.
Proving the stability with respect to a determined stationary state is still an open
question. This would be possible if we knew that the minimizers are isolated, a
property which is not granted for the zero temperature case and even known to be
false in some special cases.

Our framework is very natural when dealing with density operators, of finite
or infinite rank. Recovering know results for the standard Hartree-Fock model by
letting the temperature go to zero is not really difficult. This should not suggest
that the non-zero temperature case is similar to the case with zero temperature.
For instance, the maximal number of electrons or the total charge ¢lf (T) that can
be binded depends on 7', and the study of this ionization threshold as a function
of T is an open question.
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