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ABSTRACT. This article is concerned with the derivation and the mathematical
study of a new mean-field model for the description of interacting electrons
in crystals with local defects. We work with a reduced Hartree-Fock model,
obtained from the usual Hartree-Fock model by neglecting the exchange term.

First, we recall the definition of the self-consistent Fermi sea of the perfect
crystal, which is obtained as a minimizer of some periodic problem, as was
shown by Catto, Le Bris and Lions. We also prove some of its properties
which were not mentioned before.

Then, we define and study in detail a nonlinear model for the electrons of
the crystal in the presence of a defect. We use formal analogies between the
Fermi sea of a perturbed crystal and the Dirac sea in Quantum Electrodynam-
ics in the presence of an external electrostatic field. The latter was recently
studied by Hainzl, Lewin, Séré and Solovej, based on ideas from Chaix and
Iracane. This enables us to define the ground state of the self-consistent Fermi
sea in the presence of a defect.

We end the paper by proving that our model is in fact the thermodynamic
limit of the so-called supercell model, widely used in numerical simulations.

Describing the electronic state of crystals with local defects is a major issue in
solid-state physics, materials science and nano-electronics [25, 17, 33].

In this article, we develop a theory based on formal analogies between the Fermi
sea of a perturbed crystal and the polarized Dirac sea in Quantum Electrodynam-
ics in the presence of an external electrostatic field. Recently, the latter model was
extensively studied by Hainzl, Lewin, Séré and Solovej in the Hartree-Fock approx-
imation [10, 11, 13, 12], based on ideas from Chaix and Iracane [6] (see also [7, 1]).
This was summarized in the review [14]. Using and adapting these methods, we are
able to propose a new mathematical approach for the self-consistent description of
a crystal in the presence of local defects.

We focus in this article on the reduced Hartree-Fock (rHF) model in which the so-
called exchange term is neglected. To further simplify the mathematical formulas,
we do not explicitly take the spin variable into account and we assume that the
host crystal is cubic with a single atom of charge Z per unit cell. The arguments
below can be easily extended to the general case.

In the whole paper, the main object of interest will be the so-called density
matriz of the electrons. This is a self-adjoint operator 0 < v < 1 acting on the
one-body space L?*(R3). When v has a finite rank, it models a finite number of
electrons. In the periodic case, the ground state density matrix 7;9@ has an infinite
rank (it describes infinitely many electrons) and commutes with the translations
of the lattice. We will see in the sequel that the ground state density matrix of a
crystal with a local defect can be written as v = vger + @, where @ is a compact

perturbation of the periodic density matrix *yger of the reference perfect crystal.
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In each of the above three cases (finite number of electrons, perfect crystal,
defective crystal), the ground state density matrix can be obtained by minimizing
some nonlinear energy functional depending on a set of admissible density matrices.
In the case of a crystal with a local defect, the perturbation @ is a minimizer of
some nonlinear minimization problem set in the whole space R?, with a possible
lack of compactness at infinity. The main unusual feature compared to standard
variational problems is that @) is a self-adjoint operator of infinite rank. This was
already the case in [10, 11, 12, 13].

The paper is organized as follows. In Section 1, we recall the definition of the
reduced Hartree-Fock model for a finite number of electrons, which serves as a
basis for the theories of infinitely many electrons in a (possibly perturbed) periodic
nuclear distribution. Section 2 is devoted to the definition of the model for the
infinite periodic crystal, following mainly [4, 5] (but we provide some additional
material compared to what was done in [4, 5]). In Section 3, we define a model
for the crystal with local defects which takes the perfect crystal as reference. In
Section 4, we prove that this model is the thermodynamic limit of the supercell
model.

For the convenience of the reader, we have gathered all the proofs in Section 5.
Often, the proofs follow the same lines as those in [10, 11, 12, 13] and we shall
not detail identical arguments. But there are many difficulties associated with the
particular model under study which do not appear in previous works and which are
addressed in detail here.

1. THE REDUCED HARTREE-FOCK MODEL FOR N ELECTRONS

We start by recalling the definition of the reduced Hartree-Fock model [31] for a
finite number of electrons. Note that the reduced Hartree-Fock model should not
be confused with the restricted Hartree-Fock model commonly used in numerical
simulations (see e.g. [8]). We consider a system containing N nonrelativistic quan-
tum electrons and a set of nuclei having a density of charge ppuc. If for instance
there are K nuclei of charges 21, ..., 25 € N\ {0} located at Ry, ..., Rx € R?, then

K
Pruc(z) = Z 2z my(r — Ry),
k=1
where mq, ..., mg are positive measures on R? of total mass one. Point-like nuclei
would correspond to my = ¢ (the Dirac measure) but for convenience we shall deal
with smeared nuclei in the sequel, i.e. we assume that for all k = 1...K, my is
a smooth nonnegative function such that fR3 my = 1. The technical difficulties
arising with point-like nuclei will be dealt with elsewhere.
The energy of the whole system in the reduced Hartree-Fock model reads [31, 5]

(1) EE(0) =T (=589 + 500~ pmcs )
We have chosen a system of units such that h =m =e = ﬁ
e are respectively the mass and the charge of an electron, % is the reduced Planck
constant and ¢p is the dielectric permittivity of the vacuum. The first term in
the right-hand side of (1.1) is the kinetic energy of the electrons and D(-,-) is the
classical Coulomb interaction, which reads for f and g in LS/°(R?) as

(@) g(y) k)

(1.2) oo = [ [ L by ar [ LD,

where fdenotes the Fourier transform of f. In this mean-field model, the state of
the N electrons is described by the one-body density matrix ~, which is an element

= 1 where m and
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of the following class
PN = {7 € S(L*R?*)| 0<y <1, Tr(y) =N, Tr (\/—AW—A) < oo}.

Here and below, S($)) denotes the space of bounded self-adjoint operators acting on
the Hilbert space $. Also we define Tr((—A)y) := Tr(v/—Ayy/—A) which makes
sense when v € PV. The set PV is the closed convex hull of the set of orthogonal
projectors of rank N acting on L?(R?) and having a finite kinetic energy. Each
such projector v = Zil |©i){p;] is the density matrix of a Hartree-Fock state

(13) U=p A---ANpN
in the usual N-body space of fermionic wavefunctions with finite kinetic energy
Nizy H' (R?).

The function p., appearing in (1.1) is the density associated with the operator ~,
defined by py(z) = v(z, z) where v(z, y) is the kernel of the trace class operator .
Notice that for all ¥ € PV, one has p, > 0 and \/py € H*(R?), hence the last term
of (1.1) is well-defined, since p, € L'(R%) N L3(R3) C L%/°(R3).

It can be proved (see the appendix of [31]) that if N < 22/[:1 z (neutral or
positively charged systems), the variational problem

(1.4) L (prue, N) = inf {EFF (y), v e PN}

has a minimizer v and that the corresponding minimizing density p, is unique.

The Hartree-Fock model [21] is the variational approximation of the time-independent
Schrédinger equation obtained by restricting the set of fermionic wavefunctions un-
der consideration to the subset of functions of the form (1.3). The HF functional
reads

X
(1.5) EHF () = E1F () //R L@ P, g,

e -yl
the last term being called the exchange energy. As the Hartree-Fock energy func-
tional is nonconvex, there is little hope to obtain rigorous thermodynamic limits in
this setting, at least with current state-of-the-art techniques. For this reason, the
exchange term is often neglected in mathematical studies.

2. THE REDUCED HARTREE-FOCK MODEL FOR A PERFECT CRYSTAL

In this article, we clamp the nuclei on a periodic lattice, optimizing only over
the state of the electrons. More precisely we are interested in the change of the
electronic state of the crystal when a local defect is introduced. To this end, we shall
rely heavily on the rHF model for the infinite perfect crystal (with no defect) which
was studied by Catto, Le Bris and Lions in [4, 5]. The latter can be obtained as the
thermodynamical limit of the rHF model for finite systems which was introduced
in the previous section. This will be explained in Section 4 below.

Let T' = [~1/2,1/2)3 be the unit cell. We denote by I'* = [—m,7)3 the first
Brillouin zone of the lattice, and by 74 the translation operator on LIOC (R?) defined
by mru(z) = u(x — k). We then introduce

Pper = {7 €S(LAR3)) |0<y <1, Yk € Z3, Ty = 7k,

/F* Trpz) (1= A¢)ye(l — Ag)'/?) d€ < o0 }
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where (v¢)eer~ is the Bloch waves decomposition of v, see [27, 5]:

1
1= [Lede e e SR

L) = {u € LY (R?) | mpu = e~ "*Cu, Vk € Z%}

which corresponds to the decomposition in fibers L?(R?) fr* L2 I')d¢. For any
7 € Pper, we denote by ye(x,y) the 1ntegra1 kernel of v¢. The den51ty of 7 is then
the nonnegative Z3-periodic function of Li, (R?) N L3 (R?) defined as

1
py(2) = W~/F* ~e(x, x) dE.

Notice that for any v € Pper

1
/va(iv)div =GP /F Trrzr)(ve) dé,

i.e. this gives the number of electrons per unit cell. Later we shall add the constraint
that the system is neutral and restrict to states v € Pper satisfying

[ m@ie =z

where Z is the total charge of the nuclei in each unit cell.
We also introduce the Z*-periodic Green kernel of the Poisson interaction [22],
denoted by G1 and uniquely defined by

—AGy =4n <Z O — 1)
keZ3
G, Z3-periodic, I%ign G, =0.

loc

The Fourier expansion of G is

4 .
Giw)=ct 3 AT ks
k€27rZ3\{0}| |
with ¢ = fF G1 > 0. The electrostatic potential associated with a Z3-periodic
density p € L (R3) N L} (R3) is the Z3-periodic function defined as

(s G)(o) = [ Grla =)oty do.
We also set for any Z3-periodic functions f and ¢

D (f.9) / / G1 (= — y) f(x) g(y)dz dy.

Throughout this article, we will denote by x; the characteristic function of the set
I C R and by xs(A) the spectral projector on I of the self-adjoint operator A.
The periodic density of the nuclei is given by

(2.1) Hper(T Z Zm(x —
ReZ3

We assume for simplicity that mis a nonnegative function of C2°(R?) with support
in I, and that [p, m(z)dz = 1. Hence [, piper(z)dz = Z, the total charge of the
nuclei in each unit cell The periodic tHF energy is then defined for v € Pper as

1 1 1
(22) |E)er(n) = @np /F Trrzr <—§A%> d§ + §D01 (Py = Hpers Py — tper) -
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Introducing

(2.3) szcr = {7 € Prer | /Pv = Z},
r

the periodic tHF ground state energy (per unit cell) is given by
(2.4) Iger = inf {Eger(v), vy e ’szer} .

It was proved by Catto, Le Bris and Lions in [5] that there exists a minimizer
VSer € ’PpZe]r to the minimization problem (2.4), and that all the minimizers of (2.4)
share the same density PA0,. - We give in Appendix A the proof of the following

Theorem 1 (Definition of the periodic rHF minimizer). Let Z € N\ {0}. The
minimization problem (2.4) admits a unique minimizer ”yger. Denoting by

A
(2.5) Hpep = —5 +(Pg.. — Hper) *r G,

the corresponding periodic mean-field Hamiltonian, Wgcr is solution to the self-
consistent equation

(26) Vgcr = X(—o0,eF] (chr)v

where e is a Lagrange multiplier called Fermi level, which can be interpreted as a
chemical potential.

Additionally, for any ep € R such that (2.6) holds, ”yger is the unique minimizer
on Pper of the energy functional

s gpo)er(’}/) —€F / Pr-
r

Theorem 1 contains three main results that were not present in [5]: first 7, is
unique, second it is a projector, and third it satisfies Equation (2.6). These three
properties are crucial for a proper construction of the model for the crystal with a
defect.

It can easily be seen that (p,yge]r — fper) *r G1 belongs to L2 (R?). By a result of
Thomas [34] this implies that the spectrum of Hg is purely absolutely continuous.
This is an essential property for the proof of the uniqueness of *yger. Let (An(€))n>1
denote the nondecreasing sequence of the eigenvalues of (Hp,,)¢. Then

1
o(HY) = [J An(T™), 0. = e /F *(ngr)g d€.

n>1

er

The projector WSer represents the state of the Fermi seq, i.e. of the infinite system
of all the electrons in the periodic crystal. Of course, it is an infinite rank projector,
meaning that

Per = 2 lon) x|
k

should be interpreted as the one-body matrix of a formal infinite Slater determinant

The fact that Wger is additionally a spectral projector associated with the continuous
spectrum of an operator leads to the obvious analogy with the Dirac sea which is
the projector on the negative spectral subspace of the Dirac operator [10, 11, 12, 13].

Most of our results will hold true for insulators (or semi-conductors) only. When
necessary, we shall take Z € N\ {0} and make the following assumption:
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(A1) There is a gap between the Z-th and the (Z + 1)-st bands, i.e. ¥ < X5,
where ZZ and X5 | are Tespectz'vely the mazimum and the minimum of the Z-th

and the (Z + 1)-st bands of H

pcr

We emphasize that Assumption (A1) is a condition on the solution . of the
nonlinear problem (2.4). Note that under (A1), one has 7., = X(—oc,ex] (Hper) for
any ep € (35,55, 1)

3. THE REDUCED HARTREE-FOCK MODEL FOR A CRYSTAL WITH A DEFECT

In this section, we define the reduced Hartree-Fock model describing the behavior
of the Fermi sea and possibly of a finite number of bound electrons (or holes) close to
a local defect. Our model is an obvious transposition of the Bogoliubov-Dirac-Fock
model which was proposed by Chaix and Iracane [6] to describe the polarized Dirac
sea (and a finite number of relativistic electrons) in the presence of an external
potential. Our mathematical definition of the reduced energy functional follows
mainly ideas from [10, 11]. We shall prove in Section 4 that this model can be
obtained as the thermodynamic limit of the so-called supercell model. An analogous
result was proved in [13] for the Bogoliubov-Dirac-Fock (BDF) model.

Assume that the periodic nuclear density fiper defined in (2.1) is replaced by a
locally perturbed nuclear density piper + 7. The defect v can model a vacancy, an
interstitial atom, or an impurity, with possible local rearrangement of the neigh-
boring atoms. The main idea underlying the model is to define a finite energy by
subtracting the infinite energy of the periodic Fermi sea WSer defined in the previous
section, from the infinite energy of the perturbed system under consideration. For
the BDF model, this was proposed first in [13]. Formally, one obtains for a test
state y

(31) SZLHFJrv(’Y) - g;i,lcljJru (Wocr) “=71Tr (chr (/7 - Vgcr))

/ / '7 'Yper] d dy+ / / p['Y 'Yper p['Y ’Yper](y) dx dy
R3 JR3 |~”U - R3 JR3 |~”U - y|

Of course the two terms in the left-hand side of (3.1) are not well-defined because
Hper 18 periodic and because v and Wger have infinite ranks, but we shall be able
to give a mathematical meaning to the right-hand side, exploiting the fact that
Q =7 — ¥, induces a small perturbation of the reference state vJ,,. The formal
computation (3.1) will be justified by means of thermodynamic limit arguments in
Section 4.

3.1. Definition of the reduced Hartree-Fock energy of a defect. We now
define properly the reduced Hartree-Fock energy of the Fermi sea in the presence of
the defect v. We denote by &,, the Schatten class of operators @ acting on L?(IR?)
having a finite p trace, i.e. such that Tr(|Q|P) < oo. Note that & is the space of
trace-class operators, and that G2 is the space of Hilbert-Schmidt operators. Let
IT be an orthogonal projector on L?(R3) such that both IT and 1 — IT have infinite
ranks. A self-adjoint compact operator @ is said to be Il-trace class (Q € &1)
when @ € G2 and IQIL, (1 — II)Q(1 — II) € &;. Its II-trace is then defined as
Trn(Q) = Tr(HQI + (1 — I)Q(1 — II)). Notice that if Q € &1, then Q € &Y for
any IT and Trr(Q) = Tr(Q). See [10, Section 2.1] for general properties related to
this definition. In the following, we use the shorthand notation

Q__ = Vgchvgcra Q++ = (1 - ’chr)Q(l - ’chr)a

S =6 = {Qe®: QM €6, QT €&} and Trg(Q) == Tryg (Q).

’chr



LOCAL DEFECTS IN PERIODIC CRYSTALS 7

We also introduce the Banach space
Q = {Q € 6(1) | Q* = Qa |V|Q € 625 |V|Q++|V| € 617 |V|Q77|V| € 61}7

endowed with its natural norm

(32) [Qlg=1Qls, + Q" |s, + Q7 |,
+IIVIQls, + V1@ 9], + 9101V, -

The convex set on which the energy will be defined is
(33) K= {Q€Q| _’YgerSQSI_FYger}'
Notice that IC is the closed convex hull of states @ € Q of the special form @Q =
v — vgcr, 7 being an orthogonal projector on L?(R?). Besides, the number Tro(Q)
can be interpreted as the charge of the system measured with respect to that of the
unperturbed Fermi sea. It can be proved [10, Lemma 2] that Tro(Q) is always an
integer if ) is a Hilbert-Schmidt operator of the special form Q = v — ”chm with ~
an orthogonal projector. Additionally, in this case, Tro(Q) = 0 when ||Q]| < 1.

Note that the constraint —v),, < Q < 1 — ), in (3.3) is equivalent [1, 10] to
the inequality

(34) Q*<Q"-Q "
and implies in particular that QT+ > 0 and Q= < 0 for any Q € K.

In order to define properly the energy of (), we need to associate a density pg
with any state @) € K. We shall see that pg can in fact be defined for any @ € Q.
This is not obvious a priori since @ does not only contain trace-class operators.
Additionally we need to check that the last two terms of (3.1) are well-defined. For
this purpose, we introduce the so-called Coulomb space

C:={pe SR | D(p,p) < oo}

where D(f,g) = 4r [5s |k|=2f(k)§(k)dk was already defined before in (1.2). The
dual space of C is the Beppo-Levi space €' := {V € LS(R®?) | VV € L*(R?)} . We
now use a duality argument to define pg:

Proposition 1 (Definition of the density pg for Q@ € Q). Assume that Q@ € Q.
Then QV € &Y for any V = Vi + Vs € C'+ (L*(R3) N L>=(R?)) and moreover there
exists a constant C (independent of Q and V') such that

[Tro(Q@V)] < CRlg (IViler + V2l p2(gs))-

Thus the linear form V € C'+ (L?(R®) N L>(R3)) +— Tro(QV) can be continuously
extended to C'+L?(R3) and there ezists a uniquely defined function pg € CNL?*(R3)
such that

YW =Vi+Va el + (L*R)NLERY), (pg,Vi)ce +/ poVa = Tro(QV).
]RS

The linear map Q € Q — pg € C N L*(R3) is continuous:

"PQ"C + ”PQ”Lz(RS) <C ”Q”Q
Eventually when Q € &1 C &Y, then pg(x) = Q(x,z) where Q(z,y) is the integral
kernel of Q.

The proof of Proposition 1 is given in Section 5.2.

Assuming that (A1) holds true, we are now in a position to give a rigorous sense
to the right-hand side of (3.1) for v — Wgcr = @ € K. In the sequel, we use the
following notation for any @ € O:

(35) TrO(ngrQ) = Tr(|Hp0>er - Ii|1/2(Q++ - Qii)lH}ger - K|1/2) + KTTO(Q)
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where « is an arbitrary real number in the gap (ZZ, X +1) (this expression will be
proved to be independent of x, see Corollary 1 below). Then we define the energy
of any state @ € K as

(36) £°(Q) 1= Tro(H3,Q) — Dlpg, ) + 5D(pa: pa)

The function v is an external density of charge representing the nuclear charge of
the defect. For the sake of simplicity, we shall assume that v € L' (R*)NL*(R?) c C
throughout the paper, although some of our results are true with a weaker assump-
tion. We shall need the following

Lemma 1. Assume that (A1) holds true. For any fized . in the gap (35,57, ),
there exist two constants cy,co > 0 such that

3.7) c1(1 = A) < [Hpe — 6] < e2(1 = A)

as operators on L*(R®). In particular

(1 w200~ 872 < s, [~ w1720 - 212 < v

Similarly, (HY,, — k)(1 —A)~! and its inverse are bounded operators.

per

The proof of the above lemma is elementary; it will be given in Section 5.1.1.
By the definition of Q and Lemma 1, it is clear that the right-hand side of (3.5)
is a well-defined quantity for any @ € Q and any « € (3}, ¥, 41)- By Proposition
1 which states that pg € C for any Q € Q, we deduce that (3.6) is a well-defined
functional.

We shall need the following space of more regular operators

38) 2 :={Qe Q| (-A)Q*(-A) €&y, (-A)QT —Q )(-A) e &1}
and the associated convex set
K, :=KnNQ,.

The following result will be useful (its proof will be given below in Section 5.3):

Lemma 2. The space Q, (resp. the convex set K, ) is dense in Q (resp. in KC) for
the topology of Q.

Corollary 1. Assume that (A1) holds true. When Q € Q,, then H,,.Q € &Y.

per

For any Q € Q, the expression (3.5) for Tro(HY.,Q) does not depend on r €
(X%.57,1) IfQ €K, then

(3.9) 0 < aTr((1-A)72Q%(1-A)?)
< aTr((1-A)72QT —Q )1 -A)?)
< Tro(Hpe,Q) — £Tro(Q)
< eTr((1-A)Y2(QM —Q 7)1 - A)Y?)

where c1 and co are given by Lemma 1.

Pmof Let Q € Q, and k € (X}, ¥ 41)- Then (( pcr—li)Q)JrJr = |chr—li|Q++ =

|HDor — K|(1 = A)7'(1 — A)Q™" € &, by Lemma 1 and the definition of Q,. A

similar argument for ((chr — K)Q)~~ proves that chrQ € &Y. Then for any
Q € 9, (3.9) is a straightforward consequence of (3.7) and (3.4). We conclude
using the density of @, in @ and the density of I, in K. O

The following is an adaptation of [10, Thm 1]J:
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Corollary 2. Let v € L}(R?) N L3(R?), Z € N\ {0} and assume that (A1) holds.
For any k € (X}, ¥5.1), one has for some dy,dz >0

(3.10) VQeK, €(Q) -Tn(Q) > dy ( [@* s, + 1@ s,
_ 1
V1@V, + 191019, ) +a2 (1012, + IVIQI3,) - 500+
Hence &Y — kTrg is bounded from below and coercive on K. Additionally, when
v=0, Q+— E%Q) — kTro(Q) is nonnegative, 0 being its unique minimizer.
Proof. Inequality (3.10) is a straightforward consequence of (3.9) and the fact that
D(:,-) defines a scalar product on C. The rest of the proof is obvious. O

Remark 1. The energy £¥((Q)) measures the energy of a state v = ”chr + @ with
respect to that of vgcr. Thus the last statement of Corollary 2 is another way of
expressing the fact that VSer is the state of lowest energy of the periodic system
when there is no defect.

3.2. Existence of minimizers with a chemical potential. In view of Corol-
lary 2, it is natural to introduce the following minimization problem

(3.11) ‘E;’F = inf{€”(Q) — erTro(Q), Q € K} > —oo‘

for any Fermi level ef € (EJZF, ¥7.1)- The following result is proved in Section 5.5,
following ideas from [11]:

Theorem 2 (Existence of minimizers with a chemical potential). Let v € L*(R3)N
L2(R3), Z € N\ {0} and assume that (A1) holds. Then for any cp € (35,55, ),
there exists a minimizer Q € KC for (3.11). Problem (3.11) may have several min-
imizers, but they all share the same density p = pg. Any minimizer Q of (3.11)
satisfies the self-consistent equation

{ Q = X(*OQEF)(HQ) - Vgcr + 67
HQ:ngr+(pQ_V)*||7l

where § is a finite rank self-adjoint operator satisfying 0 < 6 < 1 and Ran(d) C
ker(Hg — €F).

(3.12)

Remark 2. It is easily seen that (pg — v) * |- [~! is a compact perturbation of

H).., implying that Hp is self-adjoint on D(H),,) = D(—A) = H?*(R?) and that

Oess(Hp) = o(HJY.,). Thus the discrete spectrum of Hy is composed of isolated

eigenvalues of finite multiplicity, possibly accumulating at the ends of the bands.

Recall that the charge of the minimizing state @) obtained in Theorem 2 is defined
as Tro(Q). Similarly to [10, 11], it can be proved by perturbation theory that for
any fixed ep, there exists a constant C(ep) such that when D(v,v) < C(er), one
has ker(Hg — €p) = {0} and Tro(Q) = 0, i.e. the minimizer of the energy with
chemical potential er is a neutral perturbation of the periodic Fermi sea.

For a fixed external density v and an adequately chosen chemical potential ep,
one can have Trp(Q) # 0 meaning either that electron-hole pairs have been cre-
ated from the Fermi sea, and/or that the system of lowest energy contains a finite
number of bound electrons or holes close to the defect. In the applications, one
will usually have for a positively charged nuclear defect (v > 0) that the spectrum
of Hg contains a sequence of eigenvalues converging to the bottom ¥, of the
lowest unfilled band (conduction band), and that ep is chosen such that exactly ¢

eigenvalues are filled, corresponding to ¢ bound electrons:

(313) Q = (X(foo,E) (HQ) - Vger) + (X[EeF)(HQ) + 6) = onl + Ve
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FIGURE 1. Decomposition Q = Qpo1 + 7.- for not too strong a
positively charged nuclear defect (v > 0).

where we have chosen as a reference the center of the gap
N = EJ’Z_ + EE-l—l
=
For not too strong a defect density v, one has ker(Hg —) = {0} and Tro(Qpo1) = 0.

Hence Tr(v,-) = g. Let us assume for simplicity that 6 = 0 and that ¢ € N\ {0}.
Then

q
(3'14) Ve = X[E,ép)(HQ) = Z |‘Pn><90n|
n=1

where (p;,) are eigenfunctions of Hg corresponding to its g first eigenvalues in
[Ev GF):

(3.15) Hapon = Ann.

Notice that

(3.16) Hg=—-0N2+(py_ —v)* |- |7 + Voo
where

Vool = (pwgcr — fper) *r G1 + PQpor * |- |_1
is the polarization potential created by the self-consistent Fermi sea and seen by the
q electrons. Thus the g electrons solve a usual reduced Hartree-Fock equation (3.15)
in which the mean-field operator (3.16) additionally contains the self-consistent
polarization of the medium.

The interpretation given in the previous paragraph is different if the positive
density of charge v of the defect is strong enough to create an electron-hole pair
from the Fermi sea.

We end this section by specifying the regularity of solutions of (3.12). The proof
is given in Section 5.4.

Proposition 2. Let v € LY(R3) N L?(R?), Z € N\ {0} and assume that (A1)
holds. Any Q € K solution of the self-consistent equation (3.12) belongs to K,.

Remark 3. Notice that it is natural to wonder whether @ € &1, which would in
particular imply that pg € L'(R?). This is known to be false for the Bogoliubov-
Dirac-Fock model studied in [10, 11, 12, 13]. We do not answer this question for
our model in the present paper.

3.3. Existence of minimizers under a charge constraint. In the previous
section, we stated the existence of minimizers for any chemical potential in the
gap of the periodic operator ngr, but of course the total charge Tro(Q) of the
obtained solution was unknown a priori. Here we tackle the more subtle problem
of minimizing the energy while imposing a charge constraint. Mathematically this
is more difficult because although the energy £”(Q) is convex on K and weakly
lower semi-continuous (wlsc) for the weak-* topology of Q (as will be shown in the

proof of Theorem 2), the 7)., -trace functional @ € K — Tro(Q) is continuous but
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not wlsc for the weak-* topology of Q: in principle it is possible that a (positive
or negative) part of the charge of a minimizing sequence for the charge-constrained
minimization problem escapes to infinity, leaving at the limit a state of a different
(lower or higher) charge. In fact, we can prove that a minimizer exists under a
charge constraint, if and only if some binding conditions hold, the role of which
being to prevent the lack of compactness.

As explained above, imposing Tro(Q) = ¢ should intuitively lead (for a suffi-
ciently weak defect density v) to a system of ¢ electrons coupled to a polarized
Fermi sea. Notice that we do not impose that ¢ = fR3 v, i.e. our model allows a
priori to treat defects with non-zero total charge.

As usual in reduced Hartree-Fock theories, we consider the case of a real charge
constraint ¢ € R:

(3.17) | B¥(q) = nf{£"(Q), Q €K, Tro(Q) = q}.|

When no defect is present, E°(q) can be computed explicitly:

Proposition 3 (Defect-free charge-constrained energy). Let Z € N\ {0} and as-
sume that (A1) holds. Then one has

¥,.,q when q>0
0 _ Z+1
E*(9) { E}q when ¢ < 0.

The minimization problem (3.17) with v = 0 has no solution except when ¢ = 0.

The proof of Proposition 3 is given in Section 5.6. We now state the main result
of this section, which is directly inspired from [12]:

Theorem 3 (Existence of minimizers under a charge constraint). Let v € L*(R3)N
L?(R%), Z € N\ {0} and assume that (A1) holds. The following assertions are
equivalent:

(a) Problem (3.17) admits a minimizer Q;

(b) Every minimizing sequence for (3.17) is precompact in Q and converges
towards a minimizer Q of (3.17);

(c) V¢ e R\ {0}, E¥(q) < E(q— )+ E°(d).

Assume that the equivalent conditions (a), (b) and (c) above are fulfilled. In
this case, the minimizer Q is not necessarily unique, but all the minimizers share
the same density p = pg. DBesides, there erists ep € [E‘Z",EEH] such that the
obtained minimizer Q is a global minimizer for EY, defined in (3.11). It solves
Equation (3.12) for some 0 < ¢ < 1 with Ran(d) C ker(Hg — €r). The operator &
is finite rank if ep € (5,55, ) and trace-class if ep € {35,575, }.

Additionally the set of q’s in R satisfying the above equivalent conditions is a
non-empty closed interval I C R. This is the largest interval on which ¢ — E"(q)
is strictly convex.

Remark 4. One has I = {TrO(Q), Q min. of EY., er € [EJZF,EEH]}. Hence I #
() by Theorem 2.

Theorem 3 is proved in Section 5.8. Many of the above statements are very
common in reduced Hartree-Fock theories and not all the details will be given (see,
e.g. [31]). The difficult part is the proof that (b) is equivalent to (c), for which we
use ideas from [12].

Conditions like (c¢) appear classically when analyzing the compactness proper-
ties of minimizing sequences, for instance by using the concentration-compactness
principle of P.-L. Lions [24]. They are also very classical for linear models in which
the bottom of the essential spectrum has the form of the minimum with respect
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to ¢’ of the right hand side of (c), as expressed by the HVZ Theorem [16, 35, 36].
Assume for simplicity that ¢ > 0 and that Q can be written as in (3.13) and (3.14).
When 0 < ¢’ < ¢, (c) means that it is not favorable to let ¢’ electrons escape to
infinity, while keeping ¢ — ¢’ electrons near the defect. When ¢’ < 0, it means that
it is not favorable to let |¢’| holes escape to infinity, while keeping g + |¢’| electrons
near the defect. When ¢’ > ¢, it means that it is not favorable to let ¢’ electrons
escape to infinity, while keeping ¢’ — ¢ holes near the defect.

In this article we do not show when (c) holds true. Proving (c) usually requires
some decay property of the density of charge pg for a solution Q of the nonlinear
equation (3.12). In particular, knowing that pg € L'(R?) would be very useful (see
Remark 3). We plan to investigate more closely the decay properties of po and the
validity of (c) in the near future. At present, the validity of a condition similar
to (c) for the Bogoliubov-Dirac-Fock model was only proved in the nonrelativistic
limit or in the weak coupling limit, see [12].

4. THERMODYNAMIC LIMIT OF THE SUPERCELL MODEL

As mentioned before, we shall now justify the model of the previous section by
proving that it is the thermodynamic limit of the supercell model.

Let us emphasize that there are several ways of performing thermodynamic lim-
its. In [5], the authors consider a box of size L, Ay, := [-L/2,L/2)3, and assume
that the nuclei are located on Z3NA . Then they consider the rHF model of Section
1 for N electrons living in the whole space, with N = ZL? chosen to impose neu-
trality. Denoting by pr the ground state electronic density of the latter problem,
it is proved in [5, Thm 2.2] that the energy per unit cell converges to Iger, and that
the following holds:

(4.1) L3 Y pule—k) — /o,

keZ3NAL

weakly in H! (R?), strongly in LI (R?) for all 2 < p < 6 and almost everywhere

on R? when L — oo. Let us recall that Iger and VSer are defined in Section 2.

Another way for performing thermodynamic limits is to confine the nuclei and
the electrons in a domain §;, with || — oo, by means of Dirichlet boundary
conditions for the electrons. The latter approach was chosen for the Schrodinger
model with quantum nuclei in the canonical and grand canonical ensembles [28] by
Lieb and Lebowitz in the seminal paper [19] (see also [18]), where the existence of a
limit for the energy per unit volume is proved. The crystal case in the Schrodinger
model was tackled by Fefferman [9] in the same spirit. We do not know whether
Fefferman’s proof can be adapted to treat the Hartree-Fock case.

Another possibility, perhaps less satisfactory from a physical viewpoint but more
directly related to practical calculations (see e.g. [8]), is to take Q = A and
to impose periodic boundary conditions on the box Ay. Usually the Coulomb
interaction is also replaced by a (LZ3)-periodic Coulomb potential, leading to the
so-called supercell model which will be described in detail below. This approach has
the advantage of respecting the symmetry of the system in the crystal case. It was
used by Hainzl, Lewin and Solovej in [13] to justify the Hartree-Fock approximation
of no-photon Quantum Electrodynamics. The supercell limit of a linear model for
photonic crystals is studied in [32].

Of course the conjecture is that the final results (the energy per unit cell and
the ground state density of the crystal) should not depend on the chosen thermo-
dynamic limit procedure. This is actually the case for the reduced Hartree-Fock
model of the crystal. See [15] for a result in this direction for a model with quantum
nuclei.



LOCAL DEFECTS IN PERIODIC CRYSTALS 13

Let us now describe the supercell model. For L € N\ {0}, we introduce the
supercell A, = [—~L/2,L/2)? and the Hilbert space

Licr(AL) ={p € L} (R?) |  (LZ?3)-periodic} .

loc

We also introduce the LZ3-periodic Coulomb potential G, defined as the unique

solution to
1

keL 73
G, LZ3-periodic, mings G, = 0.

It is easy to check that Gp(x) = L™1G1(z/L) and that
c dm 1
ke 2x73\{0}

For any LZ3-periodic function g, we define

(9*n, Gr) (z) = | Gr(z —y)g(y)dy,

AL
De,(f.9) = /A /A Grle —y) f(z) gly) du dy.

An admissible electronic state is then described by a one-body density matrix - in

Pt = {7 € OULLLAL) |77 =7 057 £ 1L, Togg, 0,y () < 4o

Any v € Py, has a well-defined density of charge p,(z) = v(z,x) where v(z,y)
is the kernel of the operator . Notice that y(z + Lz,y + Lz") = y(x,y) for any
z,z' € 73, which implies that P~y is LZ3-periodic.

Throughout this section, we use the subscript ‘sc’ to indicate that we consider
the thermodynamic limit of the supercell model.

4.1. Thermodynamic limit without defect. Because our model with defect
uses the defect-free density matrix of the Fermi sea as a reference, we need to start
with the study of the thermodynamic limit without defect. We are going to prove
for the supercell model a result analogous to [5, Thm 2.2].

The reduced Hartree-Fock energy functional of the supercell model is defined for
v € Psc, L as

1 1
Eq () =Trrz_a,) (—QM) +5Dc. (Py = Hper Py — Hper)

per

where we recall that piper () = Y pegs Zm(z — R) is a Z3- (thus LZ3-) periodic
function. The reduced Hartree-Fock ground state energy for a neutral system in
the box of size L is then given by

(4.2) ISQL = inf {ESC)L(W), v € Pse.L, / Py = / Hper = ZL3} .
Ar Ar

Let us recall that Ig
prove the following

s vgcr and chr are defined in Section 2. In Section 5.9, we

Theorem 4 (Thermodynamic limit of the defect-free supercell model). Let Z > 0.

i) For all L € N\ {0}, the minimizing problem IY. | has at least one minimizer, and

all the minimizers share the same density. This density is Z3-periodic. Besides,
there is one minimizer 72(:, . of (4.2) which commutes with the translations T,

ke7Z3.
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ii) The following thermodynamic limit properties hold true:
e (Convergence of the energy per unit cell).

7O
. sc,L _ 40 .
AT = dpers

e (Convergence of the density).

(4.3) /Pro, = /P, weakly in HE (R?),

P2, = PAo,, strongly in L (R3) for1 <p<3and a.e,;

loc
e (Convergence of the mean-field Hamiltonian and its spectrum). Let

A
HS , = ——
sc,L 2

seen as an operator acting on L*(R?). Then, for all L € N\ {0}, HY, | — HY., is a
bounded operator and

+ (p'ngYL - Mper) *r G

lim ||H. ;, — H.| =0.

L—oco
Denoting by (A5 (€))nen\joy the nondecreasing sequence of eigenvalues of (HSC,L)f
for € €T'*, one has

(4.4) lim  sup sup [AS(€) = Au(§)| =0
L=00nen\{0} ger

where (A (§))n>1 are the eigenvalues of (HJ,, )¢ introduced in Theorem 1.

iii) Assume in addition that (A1) holds. Fiz some ep € (35,55, ,). Then for L
large enough, the minimizer ’ySQL of ISQL is unique. It is also the unique minimizer
of the following problem

(45) ISOC,L,EF := inf {g:?c,L(’Y) - 6FTrL2 (AL)(7)= v E Psc,L} .

per

Remark 5. Notice that some of the above assertions are more precise for the
supercell model than for the thermodynamic limit procedure considered in [5, Thm
2.2] (compare for instance (4.3) with (4.1)). This is because the supercell model
respects the symmetry of the system, allowing in particular to have a minimizer
780, 1, in the box of size L? which is periodic for the lattice Z*. For an insulator, the
uniqueness of 72(:7 5, for large L and the convergence properties of i) are also very
interesting for computational purposes.

4.2. Thermodynamic limit with defect. We end this section by considering
the thermodynamic limit of the supercell model with a defect. Recall that v €
LY(R3) N L?(R3) C C is the density of charge of the defect. First we need to
periodize this function with respect to the large box Ay, for instance by defining

vp(z) = Z (Lo, v)(-— Lz).

The reduced Hartree-Fock energy functional of the supercell model with defect is
then defined for v € Py, 1 as

» 1 1
sc,L(V) = TrLgcr(AL) <_§A7> + §DGL (p'y — Mper — VL, Py — Hper — VL) .

For ep € (4,5, +1), we consider the following minimization problem

(46) SUC,L,EF = inf {g:c,L(’Y) - GFTI'Lgcr(AL)(’Y)a aS Psc,L} .

We recall that 7)., is defined in Section 2, that EY and Q are defined in Section 3.2,
and that I is defined in Section 4.1. In Section 5.10, we prove the

sc,L,ep
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Theorem 5 (Thermodynamic limit of the supercell model with defect). Let Z €
N\ {0}. Assume that (A1) holds and fiz some e € (5,5, ). Then one has

. } 1
(47) Lhm ( sc,L,ep ISOC,L,eF) = EeF - ‘/'g v ((p'chr - Mper) *T Gl) + §D(V7 V)'
—00 E

Additionally, if vs. j, denotes a minimizer for (4.6), then one has, up to extrac-
tion of a subsequence,

(’Y:C,L - ’YSOC,L)(Ia y) - Q(Ia y)

weakly in HL (R x R3) and strongly in L2 (R® x R®), where Q is a minimizer of

(3.11), as obtained in Theorem 2. Besides,

T

2

2 (R3), where p is the common density of all the minimizers of (3.11).

weakly in L

Remark 6. In numerical simulations, the right-hand side of (4.7) is approximated
by I 1 o — ISOQ L.y for a given value of L. This approach has several drawbacks.
First, the values of L that lead to tractable numerical simulations are in many
cases much too small to obtain a correct estimation of the limit L — oo. Second,
it is not easy to extend this method for computing £, to the direct evaluation of
E¥(q) for a given q (i.e. the energy of a defect with a prescribed total charge). The
formalism introduced in the present article (problems (3.11) and (3.17)) suggests
an alternative way for computing energies of defects in crystalline materials. A

work in this direction was already started [3].

5. PROOF OF THE MAIN RESULTS

Unless otherwise stated, the operators used in the following proofs are considered
as operators on L?(R3).

5.1. Useful estimates. We gather in this section some results which we shall need
throughout the proofs. We start with the

5.1.1. Proof of Lemma 1. Recall that H),, = —A/2 + Vier with Vper = (p"YScr —
fiper) *0 G1 € L=(R?). Thus |H),, — k| > H),, — k > —A/2 — C for some large
enough constant C'. On the other hand, as k € (E}, EEH), there exists a > 0 such

that | HJ

er er

er

— m| > «. This implies that

|Hy

per

— k| > max(—A/2 - C,a) > c¢1(1 - A)

for some constant ¢; > 0. The proof of the upper bound in (3.7) is straightforward.
Then (—A/2 +¢) M (HY,, —k+¢) =1+ (—A/2+4 ¢) " (Vyer — k) is a bounded

per
invertible operator for ¢ large enough, since
V - t|r

[=8/24 ) (V= )] < Woerli= 2]

Thus (HY,, — £ +¢)"Y(—A/2+ c¢) is bounded for a well-chosen ¢ > 1, which clearly

per

implies that

HY —rk+c —~A+1
0 _ -1 _per " Tgo _ —1/_ - -
(=7 (-84 1) = T RS — ot o7 (8724 0

is also bounded, together with its inverse. (Il
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5.1.2. Some commutator estimates. Throughout this paper, we shall use Cauchy’s
formula to express the projector 7).,:

1
(5.1) Wgcr =— [ (z—=HY, ) 'dz,

where % is a fixed regular bounded closed contour enclosing the lowest Z bands of
the spectrum of H?

per*

The following result will be a useful tool to replace the resolvent (z — ngr)_l

with the operator (—A + 1)~! which will be easier to manipulate. Its proof is the
same as the one of Lemma 1.

Lemma 3. The operator B(z) := (z— HJ.,.)~' (=A+1) and its inverse are bounded
uniformly in z € €.

The next result provides some useful properties of commutators:
Lemma 4. The operators [Ype,, A] and (1 —A) Y., |V[] (1 — A) are bounded.

Proof. The boundedness of [v),,, A] follows from (5.1) and from the fact that [(z —
HC )~! A] is bounded uniformly in z € ¢ by Lemma 3.

per

Using again (5.1), it suffices to prove that (1 — A)[(z — H2,,)™L, |V[](1 — A) is

per

bounded uniformly in z € % to infer that (1 — A) [v2.,, |V[] (1 — A) is bounded. In
order to prove the uniform boundedness of (1 — A)[(z — HJ,,)™ ", [V|](1 — A), we
use the formal equality

(5.2) [(z—A)",Bl=(z—A) A B](»— A~

We thus obtain

(5.3) (1= A)[(z = Hper) 5 [VII(1 = A) = B(2)* [IV], Vper] B(2).
Using (5.1) and lemma 3, we obtain

11 = A) pers V1L = M)} < CHIV] Vpell < C IV Vel (g -

O

Lemma 5. Let V = Vi 4+ Vy with Vi € C' and Vy € L*(R®). Then [7),,, V] € &,
and there exists a positive real constant C' such that

160 Vlllea < ClIViller + Vel o gsy)-

Proof. Formulas (5.1) and (5.2) lead to

1
_m(g

1
_m(g

[pers V2 B(2)(=A+ 1) A VR (A + 1) B(2)" dz

B(2)((—A + 1) ' A)Va(—A + 1) B(2)* dz

+4i B(2)(—=A +1)"'Wo(A(=A +1)"Y)B(2)* d=.
1T Jg

As (=A+1)"! and (—A+1)"!A are bounded operators, we obtain, using Lemma 3,

[bpers Ve, < €l (=2 + 1712 s, -
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for some constant C' independent of V5. Likewise,

bper Vil = —gir | BEOEATDTAV(=A+1) 7 B(2) dz
3 1 ) o, *
= _;m B 2) (A +1)7"0s,) o (CAFD)” LB(2)* dz
3
+Zﬁlg3(2)(ﬂ+l)lg¥1 (Oa,(—A+ 1)) B(2)* dz,

which implies

[Bpers Villls, < Ol (=2 + D)7 VW |g,

for some constant C independent of V3. We then use the Kato-Seiler-Simon in-
equality (see [29] and [30, Thm 4.1])

(5.4) =2, |f(=iV)g@)ls, < @)Y gl Lo 1f] o)
to infer
(5.5) I [Vger,‘/z]HGz < C'|Val p2gsy »
(5.6) 130 Vill, < €' 19Vl agasy = C' Viller
O

Lemma 6. The operator [|H),.—k|, |V|] is bounded for any r in the gap (5,57, ).
PTOOf We have | per - | (ngr - H)’Yger (ngr - )(1 - Vger) and thus

[ Hper = 61, 1VI] = —2(Hyer = £)[pers V1] + V], Vier) (29per — 1)

= ( ( ) ) 1(1 )[/chw |v|] + [|V|, Vper](?)/gcr - 1)
which gives the result since |[|V|, Vper]| < [V Vper ||L°°(R3 and (1 — A)[ype, V] is
bounded by Lemma 4. O

5.2. Proof of Proposition 1. Let V = V; + V, where V; € C’ and V, € L2(R?) N
L*°(R3), and Q € Q. Notice that

@) = QT TV (1) + QT pers VI(WSer) ™

(5.7) (QV) ™ =Q VAer = Q@ pers VIvpers

where (Wger)l =1- VSer- We only treat the (QV)~~ term, the argument being the
same for (QV)TT.

First we write Q=" V0., = Q (1 + [V))(1 + |[V])"'V13,, and notice that
(1+|V|)~1V is bounded since Vo € L°°(R3) by assumption and

[ +1V)™ Vi, < CIVile < O [VVA] 2 = C" Vi

e,
by the Kato-Seiler-Simon inequality (5.4) and the critical Sobolev embedding of
H'(R?) in L°(R?). This proves that Q~~V~J,, is a trace-class operator. Thus the
following is true:

T Q™ Vg = [TH(Q™V)
Te((1+[VNQ™ A+ V(A + V)TV + V)™
1Qlo [+ V)TV + V)~

A

..
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Then
A+ IV M+ s, < A+IVD g, [Q+IVD7
< CVilgs < C'Valer s
and
[+ 19DV + V) o < A+IVDTHVRI+ V)6
<

2
[+ 1oppalr] <ol

Hence,
Tr(Q™ Vper)l < C Qg (IViller + V2l 2)-
For the second term of (5.7), we just use Lemma 5 which tells us that Q" [0, V]vher €
S, since Q™1 € &, and [7),, V] € 6,. Additionally
T Q™ rpers VIper)| < Q@7 rpers Vinper s, < C Q7 F |, (IValer + V2l 2)-

The end of the proof of Proposition 1 is then obvious. O

5.3. Proof of Lemma 2. Let Q € Q. For ¢ > 0, we introduce the following
regularization operator

(5.8) Re = (1+¢[H)

and set

er E|)_1

Qe = REQRe-
Notice first that Q. € Q,. Indeed, using the same notation as in Lemma 3, we
obtain

HY, - % HY, - %
1-A)R.=(1-A)(HS —2) ' — P — = _B(E) —
( ) ( )( per ) 1+6|H80r_2| ( ) 1+€|H80r _2|

which shows that ||(1—A)R.|| < e Y| B(X)*||. Similarly, [|[R.(1—A)|| < e Y| B(Z)].
As R, commutes with VSCN we infer

(1-A)Q;~(1-A) = (1- A)R.Q ™ R(1- A) € &y,
Likewise, (1 — A)QFT(1 — A) € &;. Then we show that Q. € K, C K when
Q@ € K. To prove this, we use the fact that _Wgcr <Q<1- VSM is equivalent to
Q? < QT —Q  (see Section 3.1). As |R.|| < 1, we obtain
(5.9) (QE)2 = ReQ(RE)2QRE < R€Q2R€ < Re(QJrJF_Qii)RE = (Qe)++_(QE)77

where we have used that (R.)? < 1 and that 7)., commutes with R.. Hence, it only
remains to prove that . — @ for the Q-topology as € — 0, for any fixed Q € Q.
We shall need the

Lemma 7. For any 1 <p < oo and any fized QQ € &, one has
(5.10) lim |R.Q — Ql, = 0.
Proof. Notice that

€|H;O>cr - El
1+ ¢HD, — 3
satisfies || Re —1|| < 1. Hence [[(Re — 1)Q|gs, < |Q|g, - By linearity and density of
“smooth” finite rank operators in &,, for any 1 < p < oo, it suffices to prove (5.10)
for Q = |f)(f| with f € H?(R3). Then

[(Re = DI lls, < 1R =Dl 112 < €[ Hper = ZIF] 2 1£] 22
which converges to 0 as € — 0 and controls [(Re — 1)|f)(f|g, for 1 <p <oco. [

R.—1=
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We are now able to complete the proof of Lemma 2. First, by (5.2)
[Re, V|| = —€Re [|H)or — 2, [V]] Re

and therefore by Lemma 6 there exists a constant C' > 0 such that

er

(5.11) IR, [VI] | < Ce.
Hence, lim_¢ || [Re, |V]] || = 0. Compute now for instance
|v|(R6QR6 —Q)77|V| = |V|((R6 _1)Q77R6+Q77(R6_ 1))|V|

= [V, RJQ™7[Re, [V[] + [[V], RJQ™ | VIR
+(Re - 1)|V|Q77[R€, |V” + |V|Q77[R€, |V”
+(Re = 1)|VIQ™T|V|R + [V|Q™|V|(Re — 1).

Applying either (5.11) or Lemma 7 to each term of the previous expression allows
to conclude that

lim V(@™ =@ )IV[g, =0.
The proof is the same for the other terms in the definition of |-| 4. O

5.4. Proof of Proposition 2: regularity of solutions. Let @ € Q be of the

form

Q = X(*OoyéF)(chr + V) - VScr + 6
where 0 < § < 1 is a finite rank operator with Ran(d) C ker(HJ,, +V —ep) and
V =px|-|7! for some p € L'(R?*) N L?(R?) (in our case p = pg — v). Note that
V e C' N L>®(R3) since

Wi < o [ Poja=c [ Py
o o JH]
~ /2 1/2
PR 2(1 + |k ) ( / dk )
< C — - ~ " Zdk i < 00.
< (/ T o TP+ [RP) >

Since ker(HY., +V —ep) C D(HD,, + V) = D(HY.,) = H*(R?), it is clear that

the finite rank operator ¢ satisfies (1 — A)§(1 — A) € &;1. Thus, up to a change of
€r, we can assume that ker(H?, +V —er) = {0} and that ¢ = 0:

per
Q = X(—OO;EF)(ngr + V) - Vger'
Then we remark that Q2 = QT —Q~~, hence we only have to prove that (1-A)Q €
Ga.
Let € be a smooth curve enclosing the whole spectrum of HY, + V below ez.

per
Since V' € L*(R?) and |H),, +V — 2| > ¢ > 0 uniformly in z € ¢, we can mimic

the proof of Lemma 3 and find that
(5.12) sup [[(1 = A)(Hoe +V = 2) 7| < o0.
zEE

We then use Cauchy’s formula (5.1) and iterate the resolvent formula

(: = HY — V) ' = (2= HO) "' + (2 — HY, = V) 'V (2 = HS,) ™!

per per per
to obtain
1 _ _
Q=g [ (o= B =) = = HR ™ )= i+ Qa4
with )
_ 0 \—1 0 y—1
Ql % (g(z - Hper) V(Z - Hper) dZ?
1
QQ = o9 (Z - ngr)ilv(z - ngr)ilv(z - ngr)ildz?



20 E. CANCES, A. DELEURENCE, AND M. LEWIN

Qs == [ (2= B = V) W (2 — HO) "V (2 — HO) 1V (2 — HO,) .

25 @ per per per per
Notice that (1 — A)Q3 € &3 by (5.12) and the estimate
IV (z = Hyer) g, < IVA=2)7Y g, 1B()] < CIVIge

per

where we have used (5.4) and Lemma 3.
Let us now prove that (1 — A)Q; € S,. First we notice that

[g(z - ngr)ilwgervvger(z - ngr)ildz

= lg(z — HY) T (1) V(W) (2 — HY) ldz =0

by the residuum formula. Then we have
(1 - A) /Cg(z - chr)_lwgcrv(wgcr)L(z - H}?cr)_ld’z

= [ B Db VIR (2 = H)
which belongs to G2 by Lemmas 3 and 5. The proof is the same for Q. O

5.5. Proof of Theorem 2: existence of a minimizer with chemical poten-
tial. Let (Qn)nen be a minimizing sequence for (3.11). It follows from (3.10) that
(Qn)nen is bounded in Q. By Proposition 1, (pq, )nen is bounded in C N L*(R?).

Up to extraction, we can assume that there exists @ in the convex set K such that
i) Qn—Q and|V|Q, — |V|Q weakly in Gy;

ii) |H3er - €F|1/2Q7er+|ngr - 6F|1/2 - |H1())er - 6F|1/2Q++|H3er - 6F|1/2a
|H]())cr - €F|1/2Q:7,7|chr - 6F|1/2 - |H]())cr - 6F|1/26277|I{]())0r - 6F|1/2

for the weak-* topology of Gy;
i) pg, = pg in CNL*(R?).
Recall that &, is the dual of the space of compact operators [26, Thm VI.26]. Thus
here A,, — A for the weak-* topology of &; means Tr(A,K) — Tr(AK) for any
compact operator K.
Then, as D(-,-) defines a scalar product on C,
D(ps — 5 —v) < liminf D - —v).
(g = v, pg —v) <liminf D(pg, —v,pq, —v)

Now since Q;f+ > 0, |HY,, — ep|'/2Q, T|HS,, — er|'/? is also a nonnegative operator
for any n. Thus Fatou’s Lemma [30] yields

Tr(|Hpe, —er |2 Q1 [Hper —ep['/?) < lim inf Tr(|Hp, —ep " Q | H o, —er['/?).

The same argument for the term involving —Q~~ > 0 yields

EY(Q) — erTro(Q) < 1inlgi£f(5V(Qn) —erTro(Qn)) = EZ,,
ie. QekKisa minimizer.
The proof that @ satisfies the self-consistent equation (3.12) is classical: writing
that £7((1 —t)Q +tQ) > £”(Q) for any @ € K, and ¢ € [0, 1], one deduces that Q

minimizes the following linear functional

(5.13)
Q€K — F(Q) = Tr(|H)o — er|*(Q" — Q™ 7)|Hper — er|"*) + D(pg — v, pq)-

Notice that when Q € I, C K, one has
F(Q) =Tro((Hg — €r)Q)
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where we have used the definition of pg in Proposition 1 to infer

D(pg —v,pq) = Tro (((ng —v)*|-171) Q),

since (pg —v) |- |7t € C’ when pg — v € C. Minimizers of the functional (5.13)
are easily proved to be of the form (3.12). They belong to K, by Proposition 2. O

5.6. Proof of Proposition 3: the value of E°(q). Clearly

(5.14) E%(q) = inf{Tro(HQ), Q € K. Tro(Q) = q} = E°(q)
since D(pg, pg) > 0. It can be easily proved that

~ ¥,..q whengqg>0
0 — Z+1 =
E9) { EJqu when ¢ < 0,

see, e.g., the proof of Lemma 13 in [12].

Thus it remains to prove that E°(q) < E°(¢) which we do by a kind of scaling
argument. Let us deal with the case ¢ > 0, the other case being similar. We can
assume that ¥, | = minger- Azy1(£) = Az4+1(&o) since each A, (§) is known to be
continuous on I'*. For simplicity, we also assume that &g is in the interior of I'* (the
proof can be easily adapted if this is not the case). Let us denote by uz4+1(&,-) € Lg
an eigenvector associated with the eigenvalue Az41(€) for any £ € T'*. It will be
convenient to extend it on R3 x R3 by uz,1(£,2) = 0 when & € R3\ I'*. Since
H)uz1(€,2) = Azy1(§)uzi1(§ z) for any € € T, it is clear that

sup |Auz41(& ) 2y < 00,
£ERS3 ¢
ie. uzir € L®R3 HE . (R?) and uzy1 € L®°(R3? x R3) by the Z3-periodicity
(resp. the 27Z3-periodicity) of e Tu (£, 2) with respect to x (resp. to &).
Consider now a fixed space V of dimension d = [¢]+1, consisting of C§° functions
f : R3 — C with support in the unit ball B(0, 1) of R3. For any A > 1, we introduce
the following subspace of L?(R3):

Wy = {gA = \3/2 /RS FOME = 80))uzt1(§,)ds,  f € V}

which has the same dimension as V' by the properties of the Bloch decomposition,
when ) is large enough such that the ball B(£, A\™!) is contained in I'*. Noting
that for any g, € W) arising from some f € V

@l < A€z - Xl

IN

A2 s e s /B o O1E

)

IN

CA—3/2 luz+1l o moxray 11 L2 Ry »
we deduce by interpolation that
V2<p<oo, lim sup ||g||Lp(R3) =0.
A—00 gEW
HgHL2(R3):1

By construction one also has for any fixed f € V with associated g) € W
(gn, (Hpor —X71)9n) = A° /}R3 |FME = &))P(Az41(8) — B7,1)dE — a0 0.

Take now an orthonormal basis (¢7, ..., wf;z] 4+1) of Wy and introduce the operator

[q]
Q=" e enl + (a — la) ) (@il
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By construction 75, = 0 for any n = 1,...,[g] + 1 and Tro(Q*) = Tr(Q*) =
thus Q* € K satisfies the charge constraint. Then
la]
( pch)\) Z <(P7);7 chr90$\7,> + (q - [q])<90[>;1]+17 chrsp[);]]+l> - EEJrlq
n=1
as A — oo. Besides, (plQ/f),\Zl is a bounded family in H'(R3) which converges to 0
in LP(R3) for any p > 2. By the Hardy-Littlewood-Sobolev inequality [20], one has

2
(5.15) D(pgr, pr) < Cllpgr | e
which implies D(pgr,pgr) — 0 as A — oo. Eventually £°(Q*) — E°(q) and
Proposition 3 is proved. (I

5.7. Density of finite rank operators in K. This section is devoted to the
generalization of results in [12, Appendix B] concerning the density of finite rank
operators, which will be useful for proving Theorem 3.

Lemma 8. For any Q € K there exists an orthogonal projector P such that P —
€ K and a trace-class operator § € Q such that 0 < § <1, [P,§] =0 and

Q =P - ’Yger + 0.
Proof. This is an easy adaptation of [12, Lemma 19]. O
We denote for simplicity $4 = (1 — 7p.,) L*(R?) and §_ = 7)., L*(R?).

0
F)/pcr

Proposition 4. Let P be an orthogonal projector on L?(R3) such that Q = P —
Ve € K. Denote by (f1, ..., fn) € (54 NH'(R*))N an orthonormal basis of Ey =
ker(P —~9,, —1) = ker(19,,) Nker(1 — P) and by (g1, ..., gm) € (H-NH(R3))M
orthonormal basis of E_y = ker(P —~5, +1) = ker(1 —~9,,) Nker(P). Then there
exist an orthonormal basis (v;)i>1 C 94+ NHY(R?) of (E1)* in $H, an orthonormal
basis (u;)i>1 C H- N HYR?) of (E_1)* in H_, and a sequence (N\;)i>1 € la(RT)
such that

i + Avg ) (ug + Av;
(5.16) P = Z|fn fn|+z| 2 |’
14+ X
v; — At ) (vg — Ay
(5.17) 1-P= Z|gm gm|+z| 1+)\2 |

Additionally 3, )\f(HVuiHLz + ||Vvi||L2) < 0.
Proof. This is an obvious corollary of [12, Theorem 7). O

Corollary 3. Let Q € K. Then there exists a sequence {Qx}r>1 of finite rank
operators belonging to K, such that [Qr — Qg — 0 as k — oo and for any k > 1,

Tro(Qk) = Tro(Q)-

Proof. Taking A\; = 0 for ¢ > k in the decomposition of Proposition 4, one can
approximate P by another projector Py such that P, —~J,, — P — 7, in Q as
k — oo and P, — 73, is finite rank:

(518) ’Yper Z |fn fn' - Z |gm gm| +Z
=1

k
+ Z 1+ |uz Ul| + |Ul><uz|)

i=1
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It then suffices to approximate each function in (5.18) by a smoother one, for
instance by defining for € < 1, 4; = |Reu; ||22~1 R.u; and orthonormalizing these
new functions, where R. was defined previously in Equation (5.8).

Then for any Q = P — ”yger + § of the form given by Lemma 8, it remains to
approximate ¢ by a finite rank operator dj such that [Py, dx] = 0, which is done in
the same way. ([

5.8. Proof of Theorem 3: existence of minimizers under a charge con-
straint. The proof of Theorem 3 follows ideas of [12]. The proof that any mini-
mizer solves (3.12) is the same as before and will be omitted.

Step 1: Large HVZ-type inequalities. Let us start by the following result,
which indeed shows that (b)=-(c):

Lemma 9 (Large HVZ-type inequalities). Let Z € N\ {0}, v € C and assume that
(A1) holds. Then, for every q,q' € R, one has

E¥(q) < E"(¢—q') + E°(q).

If moreover there is a ¢ # 0 such that E¥(q) = E¥(q — ¢') + E°(q'), then there is
a minimizing sequence of E¥(q) which is not precompact.

Proof. Thanks to Corollary 3, the proof is exactly the same as [12, Prop. 6]. O

Step 2: A necessary and sufficient condition for compactness. The fol-
lowing Proposition is the analogue of [12, Lemma 8]:

Proposition 5 (Conservation of charge implies compactness). Let Z € N\ {0},
v eC, g€ R and assume that (A1) holds. Assume that (Qn)n>1 i a minimizing
sequence in K, for (3.11) such that Q, — Q € K for the weak-+ topology of Q.
Then Q, — Q for the strong topology of Q if and only if Tro(Q) = q.

Proof. Let (Qn)n>1 C K, be as stated and assume that Tro(Q) = g. We know from
the proof of Theorem 2 that

(5.19) £(Q) < lim £(Qn) = E”(q),

n—oo

hence @ € K is a minimizer of E¥(q). Therefore @ satisfies the equation
Q = X(—OO,EF)(HQ) - ’Yger +4

for some e€p € (Z'Z", E§+1) and where 4 is a finite rank operator satisfying 0 < 4 <1
and Ran(d) C ker(Hg — er). In particular Q € K, by Proposition 2. We now
introduce

P = X(coer)(Hq), P'=X(epoo)(Hq) and 7 :=x(cp)(Hq).
Let us write
£°(Qu) = £°(Q) + Tro(Ho(@n ~ Q) + 3D(pa, — pa.pa, — pa).
Now using [10, Lemma 1] and the hypothesis Tro(Q,) = Tro(Q), we obtain
Tro(Hg(Qn — @) = Tro((Hg —€r)(@n — Q) = Trp((Hg — €r)(@n — Q)
= Tr(|Hg — er|(P(Qn — Q)P = P(Qn — Q)P)),

where we recall that by definition Trp(A) = Tr(PAP + (1 — P)A(1 — P)). We have
—P-0<Q@Q,—Q<1—P—§ which yields

(5.20) P(Qn = Q)*P+ P'(Qn—Q)*P' < P'(Qn — Q)P — P(Qn — Q)P
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and in particular P'(Q,—Q)P’ > 0and P(Q,—Q)P < 0,ie. Tro(Ho(Q,—Q)) > 0.
Since we know that lim, . £¥(Q,) = £Y(Q), we infer

(5:21) lim Te(|Ho — crlP/(Qn — Q)P) = lim Te(|Hg — er[P(Qn ~ Q)P) =0
and from (5.20)
lim Tr(|Hg — er|P'(Qn — Q)*F') = lim Tr(|Hg — er|P(Qn — Q)*P) = 0.
On the one hand, it is easy to see that
P|Hg — €p|P > ¢P|Hg — k|P and P'|Hg —ep|P’' > cP'|Hg — k|P’

for some small enough constant ¢ > 0 and some x ¢ o(Hg) close enough to ep. On
the other hand, the weak convergence of (Q,) and the fact that 7 is a “smooth”
finite rank operator imply that

(5.22)  lim Tr(|Hg — k|m(Qn — Q)*m) = lim Tr(|Hg — k|m(Qn — Q)7) = 0.
It is then clear that this yields
(5.23) lim Tr(|Hg — £/(Qn — Q)*) = 0.
As we have chosen k ¢ o(Hg), we can mimic the proof of Lemma 3 and obtain
that
(5.24) ci(1-A) <[Hq — k| < co(l - A).
Hence (5.23) shows that (1 — A)Y/?(Q, — Q) — 0 in &s.

Writing now
(5.25) (Q@n—Q) =P(@Qn—- Q)P+ (”chr = P)(Qn — Q)”chr

- (P - Wger)(Qn - Q)(P - /Yger) + Vger(Qn - Q)(Vger - P)

and using (5.24), (5.21) and (5.22), we easily see that |Hg — x|'/2(Q, — Q)™ | Hg —
k|2 — 0 and (1 - A)Y2(Q, — Q)" (1 — A)Y/? — 0 in &;. The proof is the same
for (Qn — Q). O

Step 3: Proof that (c)=-(b). We argue by contradiction. Let (Qn)n>1 C K be
a minimizing sequence for E¥(q) which is not precompact for the topology of Q.
By the density of K, in K, we can further assume that each @,, € K. The bound
(3.9) on the energy tells us that (Qn)n>1 is bounded in Q. Then, up to extraction
and by Proposition 5, we can assume that @, — Q € K where Tro(Q) # ¢, and
that pg, — pg weakly in C. We write Tro(Q) = ¢ — ¢’ with ¢’ # 0. We now prove
that

(5.26) E¥(q) > E"(q —q') + E°(¢)

which will contradict (c). To this end, we argue like in the proof of [12, Thm. 3]:
consider a smooth radial function x with support in B(0,1) such that 0 < x <1
and x =1 in B(0,1/2); define xr(x) := x(x/R). Then let be ng := /1 — x%. Let
us introduce the following localization operators

YR = VgernR/yger + (Vger)LnR (/Yger)J_7 XR = \/ 1- YR?

Lemma 10. We have for all 3 < p < oo,
(5.27) H[nR,yger]HGP — O(R™1+3/7), [Yr —nals, = O(R™1+3/7).

Moreover HX%% — X%HGP -0 (R_1+3/”).
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Proof. By (5.1) and (5.2)

h/per? 77R __/ per [A 77R] ( ngr)il dz

which yields H[nR,Wgcr]HGp <cla- A)_l(VnR)”Gp < C'"|Vnr|» by the Kato-

Seiler-Simon inequality and following the proof of Lemma 5. Eventually we notice
Yr—nr = (1- 27&”) [V9er>Mr) and thus (5.27) is proved since 40, is bounded.
The last inequality is a consequence of |Yg| < 1, |nr| < 1. O

Lemma 11. One has
1/2 0 —1/2] _ 1
(5.28) | [¥o: e, = 212 118, — =712 = O(RT)

where we recall that ¥ = (S5 +¥,,,)/2 is the middle of the gap.

Proof. We use the well-known integral representation of the square root [2]

Cspe L Y o8l ds
™ Jo S+| pcr E|\/g

Recall that Yz = 70e RV per + (V9er) " MR(Ver) - For shortness, we only detail the
estimation of the term involving (v9.,)nr(79,) " Using that |HJ,,
with (Wgcr)l and that (vgcr)J— is bounded, we see that it suffices to estimate

(5.29)

| per

— Y| commutes

* |Hper — X ds
5.30 Ocr J_/ per Cr_z—l/?_ Ocr 1
(5.30)  (Vper) ; [77 S HG, = |Hy | \/g(vp)
1 /°° (Vper)* L1ya Ofed)?
=5 [ e, ) [H — S s
2 0 S+| pcr_2| P | pcr_2|

Then [ng, —A] = (Ang) + Q(VnR) V, hence ||[nr, —A] |HY,, - 372 =O(R™Y)
where we have used that V|H pcr ¥|71/2 is a bounded operator by Lemma 1. Then
we use that |HJ,, — Y| > e for some € > 0 to estimate the right hand side of (5.30)
in the operator norm by

[, 80118, — 517272 [ 5 — o

O

Notice now that YrQ,Yr € K for all R > 1 (the same is true for XpQ,Xg but
we shall actually not need it). To see this, notice for instance that

(5:31) (1+|V)(YaQuYr) = —(1+|V]) per—zw/?([m Ser = SIM%)

Sy = S Hy = 512Q, Vi~ Yil ey — 511720, )
which belongs to & since |HS,, — S['/2Q,, € &3 and [Yg, |HY,, — %[/?] |HY,, —
¥|~%/2 is bounded by Lemma 11. The proof that (1 4+ |V|)(YrQ.Yr) T (1 + |V])
and (1+ |V|))(YrQnYr)” (1 +|V]) are trace-class is similar. Eventually, the proof
that —y9,, < YrQYr < 1 — 1), is easy, using the equivalent condition (3.4) and
the fact that 43, commutes with Y.
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We are now able to prove (5.26) as announced. We write, following [11],

(5:32)  £(Qu) = Te(Xn|HO\ — SIY2(Q5 = Q) Hlr — X1/ Xn)

p

+ TI’(YR|chr - E|1/2(Q:7,_+ - Qr_L_)ngcr - E|1/2YR) + ETTO(XRQHXR)
1 1
+ XTro(YrQnYR) + ED(an -V, pQ, — V) — §D(V, v)

where we have used that [0, Xr] = [0, Yr] = 0 to infer Tro(Qn) = Tro(XrQnXr)+
Tro(YrQnYr). Then, by Lemma 11 and using the fact that (Qy)n>1 is a bounded
sequence in Q, we deduce that

(5:33) Tr(Ya|Hye — V(@ — Q)| Hpe — =["?Yr)

> Tr(|Hpe = S[V2YR(QFT = Q") Yr|Hpe — X[V?) = C/R

er

for some constant C' > 0. Arguing similarly for the other terms, we obtain

(5.34)
€(Qn) = E°(YrQnYr) + Tr(xa|Hper — SIV2(Q1" = Q) Hyor — B[ xr)
FETHR(QL + Qu )xn) + 5Dlpa, — vopa, —v) — 3 D(v.v) — C'/R
for some constant C’, where
£9(Q) = Tr(|Hyp, = S[V2(QFF = Q77 Hpey — S'%) + BTio(Q).
Recall (Proposition 3)

E°(q) =inf{&°(Q), QeK, Tro(Q) =g}
Thus, using
q = Tro(Qn) = Tro(YrQnYr) + Tro(XrQnXr),
and the fact that ¢ — E°(q) is Lipschitz by Proposition 3, (5.34) yields

(5.35)  €7(Qn) = Tr(xrl|Hper — EI"(@QF = Q1) Hper — =V xr)
+ STr(xr(@QF T+ @, xr) + E% (¢ — Tr(xr(@F1 + Q7 )xr))
+ %D(pcgn —V,0Q, —V)— %D(u, v)—C'/R

Let us now pass to the limit n — oco. First we notice

(5.36)  Lim inf Tr(xr| Hper — BI"2(Q5F — Q7)) Hper — Z'?x)
2 Tr(XR|H;O>cr - 2|1/2(62++ - Q__)|chr - E|1/2XR)5
(5.37) liminf D(pq, — v, pg, —v) > D(pg — v, pg — V)

n—oo

by Fatou’s Lemma and the weak convergence pg, — pg in C. Then
lim Tr(xrQ, "xr) = Tr(xrQ " "xr), lim Tr(xrQ, xr) = Tr(xaQ X&)
which is obtained by writing for instance

Tr(xrQu xr) = Tr(xr(1+ V)T 1+ [VNQET 1+ V(L + V)" xr)

and using that xg(1 + |V|)~! is compact (it belongs to &,, for p > 3 by the Kato-
Seiler-Simon inequality) and that

L+VDQE (L + V) = 1+ VhQT (1 +[V])
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for the weak-* topology of &;. Thus,

(5.38)

EY(q) = hnlr_l)gff,”’(Qn) > TT(XR|chr _ E|1/2(Q++ _ Q——)|chr _ E|1/2XR)

+ETe(xr(Q@FF + Q77 )xr) + E° (¢ = Tr(xr(Q™" + Q77 )xr))
+ %D(pQ —v,pg—v)— %D(u, v)—C'/R.

Passing now to the limit as R — oo, we obtain (5.26). This contradicts (3) and
shows that (b)<(c) in Theorem 3.

Step 4: Characterization of the q’s such that (c) holds. Because ¢ — E”(q)
is a convex function, it is classical that the set I = {¢ € R, (c) holds} is a closed
interval of R, see e.g. [31]. It is non empty since it contains Tro(Q) for any minimizer
Q of EY?_ obtained in Theorem 2, for any ex in the gap (x4, ¥ 41)- Additionally,
q — E¥(q) is linear on the connected components of R\ I and I is the largest
interval on which this function is strictly convex. Let us now state and prove the

Lemma 12. Let Z € N\ {0}, v € L*(R3) N L?(R3), and assume that (A1) holds.
Assume that Q1 and Qo are respectively two minimizers of E¥(q1) and E¥(q2) with
q1 # q2. Then pg, # pq, and therefore

EY(tq + (1 —t)q2) < EY(tQ1 + (1 = t)Q2) < tEY(q1) + (1 — t)E"(g2).

Proof. Assume by contradiction that pg, = pg,. It is classical that the operators
@1 and @ satisfy the self-consistent equations

Ql = X(—oo,el)(HQl) - Vger =+ 517 Q2 = X(—Oo,éz)(HQz) - ’Yger + &2

where 0 < d; < 1 and Ran(dy) C ker(Hg, — €x) for k = 1,2. Necessarily €; and e,
are in [EZ, PP +1] otherwise 1 and @2 would not be compact, which is not possible
since every operator of K is compact. Since Hg, = Hg, has only a point spectrum
in the gap, we deduce that if e € (37, ¥, 1), then necessarily dy, is finite rank. If
€ € {EJZF, ¥.1}, then it can easily be proved that at least 65 € &;. Hence Q1 and
Q-+ differ by a trace-class operator: Q2 = Q1 + 6, Tr|f| < co. Now 0 #£ g2 — q1 =
Tr(6) = [ ps which contradicts our assumption that ps = pg, — pg, = 0. The rest
follows from the strict convexity of p — D(p, p). O

Corollary 4. There is no minimizer for E¥(q) if ¢ ¢ I, the interval on which (c)
holds. Thus (a) implies (c).

Proof. Assume that there is a minimizer @) for some ¢; ¢ I, for instance ¢; >
max [ := go. Applying Lemma 12 to ¢; and g2 shows that E¥(-) cannot be linear
on [ga, 1] which contradicts the definition of I. O

5.9. Proof of Theorem 4: thermodynamic limit of the supercell model
for a perfect crystal.

1
Step 1. Let us first prove that limsup ﬁISOC,L < Iger. Starting from the Bloch
L—+o0

decomposition
1

Vger = W /F* (/Yger)f d§

of ’chr it is possible to construct a convenient test function s 1, for (4.2) as follows:

~ _ 1 ix —i&’x (0 &'y gl —i€y
oo, (:9) = (2m)3 Z ‘ 5+[—2”T",2ﬂ<—1;m)36 Operler () €7 2" | €727,

&€ 2r73nr*
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with n = 01if L is even and np = 1/2 if L is odd. It is indeed easy to check that s, 1,
is in Py, and satisfies p5,. , = pyo . In particular,

/ pﬁsc,L = / Mper = ZL37
Ar Ar
and, since both p,o = and pper are Z3-periodic,

D¢, (pfysc,L — Mpers Pyse,r — Nper) =L D¢, (p'ygcr — Hper, P8, — Nper) .
Besides,

1 1 1 1.
75 L3 (Ar) <_§A'YSC,L> = e /F CTrrzay <—§A (Vper)g) dg
|§ §| TTL%(P)((%er) )dfl

2(2m)3 2mn 2m(on) )
(2m) ge2mzanr- ¢t

— 5 0 , /
co P L s () Mo (iR
po s

It follows from the boundedness of [, TrLg(p)((l — A)(Ner)e) dE and from the

inequality | — 2iV| < (1 — A) that the last two terms of the above expression go to
zero, hence that

1 1, 1 1
LETOO I3 Trrz, (Ar) <—§A%C,L> = @) / Trrzr <—§(A7por)£) dg.

Therefore limy, . oo L73EY, | (Fse,1.) = ESer(Vper) = I, and consequently

. 1 0 . 1 0 -~ 0
lgil»-si-lig _3Isc,L = LEI-{-Ioo ﬁgSC,L(%c,L) = lper-

Step 2. Let us now establish that hm 1nf I > Igcr First, the existence of a
+
minimizer vy, for (4.2) and the umqueness of the corresponding density pgg 5, follows

from the same arguments as in the proof of [5, Thm 2.1]. Note that, by symmetry,
P21, is ZP-periodic. We now define the operator 7, ; as
1
0 *
FYSC,L = ﬁ Z T VLTk-
keZ3NAL

By simple periodicity arguments, it is clear that 77774 is also a minimizer for (4.2)
for all k € Z*. By convexity, so is 7&7 ;.- Besides, 7201 ;, commutes with the transla-
tions 7 for all k € Z? so that its kernel 4{, ; (z,y) satisfies

V(x,y,z) € R3 X R3 X ZS? WSC,L(J;"_Z??J"_Z) = ,YSOC,L(‘T7y)'

The optimality conditions imply that ”YSC, ;, can be expanded as follows

1 —— e
”YSC,L(%?J) =13 Z an 56 ”k 5 )U;ﬁg(y)e e
¢e 27r 73Nr* k>1
where for any £ € 227° N T*, (’Ulgg)k>1 is a Hilbert basis of L2_ (") consisting of
eigenfunctions of the self-adjoint operator on L2 (") defined by

1 , 1
_§A —i§-V+ (PSC,L — fper) *r G1 + §|§|2
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associated with eigenvalues A\f(¢) < A\(¢) < --- The occupation numbers néﬁf are
in the range [0, 1] and such that

1 L
DL D me=72
ge2rz3nr k>1

Lastly, there exists a Fermi level ef, € R such that nj , = 1 whenever A\j/(§) < ez
and ny . = 0 whenever Af(€) > €. One has

1 1 1 nEe
(639) Z5ltr=T58er0b) =75 D 2o IV Okl m
£e2x73nr* k=1

1
+ 913 DGL (pVé)c,L - NperapygcyL - Mper)'

We now introduce

Toe, (@) / D0 TV (0 (@) Vi g, o (W)e T dE
k>1
where (g () is the unique element of 2X Z3NI'* such that & € B, (€)+[— 22 M)g

L
It is easy to check that 5 7sc I € ’Ppc Thus 7sc I € ’Ppcr can be used as a test function
for (2.4). Therefore

(5.40) Eper(aen) = I,

per — “per*

Tt

As pso = pyo s Z3-periodic, one has

1
(5.41) DGl(p:ygc’L ~ Hper; P30 fiper) = ﬁDGL (p'ch,L  Hper, P70 Iper)-

Besides,
(5.42)
1 1 0 k ﬁL
(2r)3 Trrzn) _§A ('Vsc,L)g g = || —iV+E)vy ﬁL(§)||L2 @
r T k>1
1 "é,ﬁ , L 2
=13 Z ZTH(_ZV‘F@%,&”L%CT(F) + R
£e2r73nr* k=1
with
kﬁ £
Re = o [ 30 2D (109 + ek, o, ) = N1V + Bu(O)oksy o I,

k>1

Putting (5.39)—(5.42) together, we end up with %ISOQL + R > 1D, As
1/2
< (" 2r 32 2my?
=T L2 \L)"

1 0
L3 sc L = Ipcr

we finally obtain lim inf —
L—+00

Step 3: Convergence of the density. A byproduct of Steps 1 and 2 is that
WSQ )Lem\{o} is a minimizing sequence for Igcr. The convergence results on the
density pyo = pso ~immediately follow from the proof of [5, Thm 2.1].
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Step 4: Convergence of the mean-field Hamiltonian and its spectrum.

One has HSQL — HY),, = ®. where ®, solves the Poisson equation —A®; =
47 (poo L p,ygcr) on I' with periodic boundary conditions. As it follows from Step 3

that (p"Yé)c,L — pag,,) converges to zero in L2..(), we obtain that ®, converges to

zero in H2, (T), hence in L>°(R3). Consequently,

per
(5.43) |HS & = Hperl| < 122l — 0
as L — oo. This clearly implies, via the min-max principle, that

sup sup [ A (§) = An(€)] < @]z — 0
n>1¢er* L—oo
where (A}(€))n>1,cer- (resp. (An(€))n>1,¢er+) are the Bloch eigenvalues of HY, |
(resp. Hp.,).
Step 5: Uniqueness of VSC,L for large values of L. In the remainder of the
proof, we assume that (A1) holds, i.e. that HJ., has a gap.
The spectrum of HSOQ 1, considered as an operator on Lgcr

UL%)er(AL)(HSOC,L) = U U )‘ﬁ (5)

neN\{0} ¢e 27 z3nr*

(AL) is given by

It follows from Step 4 that there exists some Lo € N\ {0} such that for all L > Ly,
the lowest ZL? eigenvalues of HSC) 1, (including multiplicities) are

U U »M©

2 4 *
1Sn<Z ¢e2x73MT

and there is a gap between the (ZL?)-th and the (ZL? + 1)-st eigenvalues. As a
consequence, 7207 ;, is uniquely defined: it is the spectral projector associated with

the lowest Z L3 eigenvalues of HSOQ 1, considered as an operator on Lfm(A L)

Step 6. Let ep € (34,%,,,). For L large enough, YL = X(—ocorer](HE 1) =
2er(AL). This means that 40, | satisfies

the Euler-Lagrange equation associated with I3, ; ., see (4.5). As the functional

X(~o0,0) (HS, ;, —€F) as operators acting on L

O . 0 . . . . .
v = Eer(v) — GFTFLgcr(AL)(”Y) is convex on Psc,L; Vs 1S @ minimizer of this

functional. Its uniqueness follows as usual from the uniqueness of the minimizing
density and from the fact that 0 is not in the spectrum of HY. | — ep.

5.10. Proof of Theorem 5: thermodynamic limit of the supercell model
for a crystal with local defects. We follow the method of [13]. As in the
previous section, we denote by 72(:, ;, the minimizer of (4.2), which is unique for
L large enough and is also the unique minimizer of (4.5). Let Kr be the set of
operators (07, on L%cr(AL) such that 'ygcyL + QL € Psc,r.- In fact

Kr={QrL € 61(L},.(AL)) | Qf = Qu, |VIQLIV| € &1 (L} (AL)),
- FY:?C,L <QL<1- FYSC,L}'

We introduce & L= GFTrLgcr(AL)' Let Qr € K, one has

sc,Lep "

&y

sc,

SUC,L,eF (/YSOC,L + QL) - gSOC,L,éF (,YSOC,L) = ’I‘rL%er(AL)(HsOC,LQL) - DGL (pQL ) VL)

1 1
+5Dc.(par, par) —erTriz, (a0)(QL) = Dan (VL. pys, | = bper) + 5D (v, vE)-



LOCAL DEFECTS IN PERIODIC CRYSTALS 31

0

Note that in the above expression, H,

Using Theorem 4, this equality can be rewritten, for L large enough, as
(5.44)

v ++,L ——.,L
sc,L,ep (’YSOC,L + QL) - gsOc,L,EF(FYSC,L) = TrLl%er(AL)GHsOC,L - €F|( L - QL ))

. . 2
1, is considered as an operator on Lz, (ArL).

1
+5Dc.(par —vepar —vr) = DeL(ve, pye, , — Hper)

where we have set

Z+)L = (1 - ’YSOC,L)QL(]‘ - /YSOC,L) and QZ_)L = /YSOC,LQL’YSOC,L'
It follows from (5.44) that

SUC,L,eF - ISOC,L,eF = inf {E:C,L(QL) - 6F’I‘rL2 (AL)(QL)u QL S ICL}

per

1
- DGL (Vva'ygc,L - /LPCT) + §DGL (VLvyL)'

where
y 1
Esc,L(QL) - GFTrLgcr(AL)(QL) = _DGL (pQL ) VL) + §DGL (pQvaQL)

+Trrz_ (Ar) (IHSC,L —ep|M(QF T — QI HE. - 6F|1/2) :

First, using v being in L'(R?) N L?(R?) and the convergence of @, = (pyo  —
pA0,,.) *r G1 to zero in L™ (see Step 4 of the proof of Theorem 4 in Section 5.9),
we obtain

1
_DGL (VLup'ygcyL _Nper)+§DGL (VLuyL) — _/

1
I/((p'ygcr _Mper)*FGl) +§D(V7 V)'
R3

Our goal is to prove that

(5.45) lim B, =B,
where
(5.46) ep,r = inf {EQ'C,L(QL) —erTrrz () (Qr), QL € ICL} -

Step 1: Preliminaries. In the proof of (5.45), we shall need several times to
compare states living in L2, (Ar) with states living in L*(R*). To this end, we
introduce the map

’L'L:LQ(RB) — L2 (AL)

per

o = () L2).
z2€Z3
Notice that (iz)* : L2, (Ar) — L?*(R®) is the operator which to any periodic
function ¢ € L2 (Ar) associates the function 15,4 € L*(R?). Remark that
ir(ip)* = IdLger(AL) whereas (ip)*iy, = 15,. Hence iy defines an isometry from
L?(Ar) to L2 (AL). The equality (ir)*ize = ¢ is only true when ¢ € L*(R?) has
its support in Ay. When ¢ € H(R?) satisfies Supp(¢) C A, then one also has
8miiL(<P) = ZL((?L 90)'
Notice in addition that if A € &;(L2.,(Az)), then (ir)*Air € &1(L*(AL)) €
S1(L?(R?)) and
TTL%H(AL)(A) = Tl“Lz(Rs) ((ZL)*AZL) .

Similarly if A € &,(L2.,(AL)),
(5.47) ||A||ep(Lgcr(AL)) = ||(iL)*AiL||GP(L2(R3)) .
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Finally, we shall use that for any Z3-periodic bounded function f, irf = fir,
where we use the same notation f to denote the multiplication operator by the
function f acting either on L2, (Az) or on L*(R?). Similarly, the operator H, ; =
—A/2+4 (pyo | — pper) *r G1 can be seen as acting on L3, (Ar) or on L?(R?) and

we use the same notation in the two cases. Then we have for any ¢ € C§°(R?)
satisfying Supp(p) C Ar

(548) Hsoc LiLSD - ZLHSC LY
Notice that one can also define —iV on L*(R?) or on L2 (AL) and we shall adopt

per
the same notation for these two operators. We gather some useful limits in the

following

per(

Lemma 13. Let be v € L*(R?) and ¢ € C§°(R3). Then we have as L — oo
(1) (iL)*VSC pict = Yperth in L*(R?);

( ) ( ) bC L’Y:,c LiL(p - Hper/}/per(p in LQ(RB);

(3) (1£)" MG pive = Avpep in L*(R?);

(4) (in)* (1+ |V Dize — (1+ V) in L*(R%);

(5) (ip)* — ep|?p in L2(R3) for any fized ep in

in)*|HY, , — ep|'?ire — [HY,

the gap (EZ,EZH).

Proof. The operator (iL)*FySC) 141 being uniformly bounded with respect to L, it
suffices to prove the first assertion for a dense subset of L*(R?) like C5°(R?). Hence
we may assume that ¢ = p € C§°(R3).

Let K be a compact set in the resolvent set of Hpcr

(5.49) i (i2)*(z = HY, 1) Vv —1oo (2 = Hpet) '

We are going to prove that

in L2(R?), uniformly for z € K. To this end, we first notice that by Theorem 4, K
is contained in the resolvent set of HSOQ 5, for L large enough and thus
|G- - &

scL) _( chr 1HB(L]2)er(AL = || per SCL”BLger(AL))

—0

by (5.43). Hence it suffices to prove (5.49) with HY, ; replaced by H},, (seen as an

per
operator acting on chr(A r)). Then we use its Bloch decomposition (detailed in
Appendix, see (A.2)) and compute, assuming L large enough for Supp(yp) C Ay,

e~ o) e = 3 S I ([ G ey et

62"Z%mr*n>1
/ enlF e

N 1. 2 L 3 2
60" = Hpe) Mol = 2 D5
It is then easy to see that (iz,)*(z — HY,,) " tirp — (2 — HY, )~y weakly in L?(R?)

ke 2rz3nr* n2>1
per per

(one can take the scalar product against a function 1 € C$°(R?) to identify the

limit) and that |[(ir)*(z — HDe) ™ 1iL<pHL2(R3) = ||(z = HS.) 1<pHL2(R3), yielding

the strong convergence in L?(R?).

For the proof of (1), it then suffices to choose a curve € around the first Z bands
of H),., and use the above convergence of the resolvent in the Cauchy formula.
Assertion (2) is an easy consequence of (1) and (5.48). Indeed, by Theorem 4, we

know that limz, oo | HE,  — PerHB(L2(]R3)) = 0. Since (iz)*7%, iz is bounded, this

implies that for L large enough such that Supp(y) C Ay,

|| (iL)*’ygc,L(Hsc LlL - ZL‘E[por SOHLQ(]RS) H (iL)*’ygc,LiL(ch,L pcr (‘OHL?(R?’) —0
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where we have used (5.48). Then we notice that H). ¢ € L*(R?). Hence (1) implies
that limy,_ ||((7;L)*'Y£C7LiL - Vgcr)chrS"HLz(Ra) = 0. The argument is exactly the
same for the third assertion (3). Assertion (5) can be proved in the same way, using
(5.48) and the integral representation of the square root (5.29).

Finally, it remains to prove that (4) is true, which is done by computing explicitly,
for L large enough such that Supp(yp) C Ay,

SNk . (27T)3/2 ik-x
(i) L+ [Vivg = Y 5+ [K)P(R)e™ 1y, (),
ke 2r 73

e 2 (27T) 2

1) L+ IVDicelzege = D |(L+HENGR)* —1moo (1 + Vel z2s) -
ke2r73

The strong convergence is obtained as above. O
Lemma 14. Let V € C°(R?). We have as L —
(5.50) ()" (1= A) "L (V)ip — (1 — A7V,
(5.51) ) (L4 V)T (V)@ + V)Tl — L+ V)TV A+ V)T

strongly in Ga(L?(R3)).
Proof. For L large enough, we have

) (@ = 2 (Vin] gy go@ey = 10 = 2) ()]s, 2z, a0

1/2
Wi (s ety
e |, 2, T+IEP
which shows that (ir,)*(1 — A)~YiL(V)iy is bounded in G2(L?(R?)) since
. (2w L _
(5.52) lim > _@m/L)" . / lg(p)Pdp,  g(p) = (1 +[p[*)~"
L—oo k€2ﬂZg 1 —+ |]€|

Arguing as in the proof of the fourth assertion of Lemma 13, we can prove that
(5.50) holds in the strong sense, hence the convergence holds weakly in Go(L*(R?))
towards (1 — A)~1V. Now

, Ve 9l Lo (es)
ZL||62(L2(R3)) = (27)3/2

Jim (i) (1= A)ig (V) =10 =2)"V]g, 2@

and the limit holds strongly in So(L?(R3?)).
The argument is the same for (5.51), noticing that

G2 (4 19D V) + 19D 02| ey
=Trrz (a,) (L+IV) 2 (V)1 + V) %L (V)
= (2m)~3/? z—y)*V(z X
e [[ eGPV @V

_ 12
—L—oo ||(1 + |V|) 1V(1 + |V|) 1”62(L2(R3))
where we have used that

(2m)*%
hr(zx):= Z =g
2 T

converges to the Fourier inverse F~1(h) of h(p) = (1+|p|) 2, strongly in L2 _(R3).
(]
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Step 2: Upper bound. We prove here that limsup;_, B < EY,_ . Let € > 0.
Using Lemma 8, Proposition 4, Corollary 3, and the notation therein, one can find
a finite rank operator @ € K, such that

(5.53) Bl <E(Q) —erTro(Q) < EY, +e¢
of the form
-1 -1 v
(5.54) Q= Z [Vm ) (Um | — Z |tn ) (tn| +Z 1+ A2 |U1><U1| |ul><uz|)
m=—M n=—N

k

Ai .

+Zl—|—)\2 |uz Uz|+|vz><uz|)+5l with 5'=an|wj><wj|.
=0 ;

Let 0 <n << 1. It is possible to choose a family of orthonormal functlons ul, vl
w! in Cg°(R?) such that

(5.55) lug, = unller < my flog, = vmllgz <n, Jlw) —willge <n.

foralln=—-N..k, m=—M...k and j = 1...J. Let us define the Gram matrices
(Si)l}] = <7pcru?7 u27> (Sz)ld = <(1 - Vgcr)U?7U;7>

which, by (5.55) satisfy S = Idpryr+1 + 0(1)p—o and S” = Idyyiq1 + 0(1)y—o-

We also introduce the orthogonal projector II"” on Span{wgeruz, (1- Wger)vgl} and
define (S7)i; = ((1 = IMw},w]). Clearly S}, = Ids + o(1),—0-

Now we introduce a new orthonormal system in L2 (Ap)
k k
n.,E: SL/2y 000 T —1/2 0 Vi .m
Us = (S—,L )Lnf}/sc,LZLun’ Vi L Zm FYsc,L)ZLvm’
n=—N

(S—, ) = </Ysc LzLuszu >L2 L(ALY (S-l-,L)i,j = <(1 /Ysc L)ZLU17ZLU >L2 (A’

per
Notice that by the first assertion of Lemma 13, limy_,o, St = S. Finally, we
introduce the projector II;, on Span(u:;L, UZML) and define

J

wl =Y (S50 = Hp)igwy,  (Sw.r)ij = (1 =T )igw! igwl).
=1

We now define a state in Ky by

—1

-1
QZ]: Z |UZ1,L><UZL,L|_ Z |U’ZL nL|+Zl+)\2 |sz< L| lu 1L>< ?LD

m=—M

k

Ai
+Zl+ 2 |uzL<zL|+|UzL +Zn]|w3L j>L|'
i=0 Z

By Lemma 13, we have
(5.56)  (ir)"u,) | —L—co Uy, (L) V), [ —L—co Uy, and (ip) W] | — 100 W]

in L?(R3) N L>°(R3), where the limits are defined by
k k

~ 1/2 ~ —-1/2
u? = Z (Sn)z n/ Fygerun’ 1)17.7 = Z (Sj-)z,m/, (I_Wger)v?nv

n=—N m=—M

je (1= Ty

M~
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By Lemma 13, we know that for any fixed ¢, € C5°(R3),
Lh_I}I(l)O <7’2(HSOC,L - eF)Fygc,Liva (iL)*’YsOc,LiL¢> = <(Hpo>cr - €F)”chr% Vgcr¢>

Hence, inserting the definition of Q7 in the kinetic energy and using the convergence
of the Gram matrices, we obtain

th};o TrLgcr(AL) ((H:?C,L - GF)QZ) = TrLZ(R?’) ((HI())EY o GF)QU)

where Q" is defined similarly as Q7 but with the functions (@, ), %" instead of

ny Ymo J
n n n
(un,lﬂ Um,L’ wj,L)'
Let us now prove that

Jim De, (pgy,poy) = D(pGn: pgn)-

The convergence (5.56) implies that 15, pgn converges to pg, in particular in
L'(R3) N L?(R3). Notice the definition of Dg, (-, -) implies that

(5:57) ¥p € Lhr(Ar) N L2(AL),  Dan(pop) <C (ol a) + 10132, a0

for a constant C' independent of L. Let us now write PQ) = PrL+ p2L where
p1,1 is the periodic function which equals 1o, /4) pqQu on Ay. The convergence of
Ia,poy towards pg, in L'(R?) N L*(R?) and (5.57) give that

i foo izl )= 0 lp2clps 4, = lim Dy (p2,n, p2,n) = 0.
Hence, it remains to show that
(5.58) Jim Dy (prL,p1,0) = D(pgas Pan)-

To this end we use the estimate [22]

1

||

sup |Gr(2) - | = O(L™),

zEAL

to obtain
D¢, (p1,L,p1,0) = //( ; Gr(x—y)p1,.(x)p1,.(y)dx dy = D(1, p1,1, ]lALpl,L)-i-O(L’l)
AL

where we have used that |p1,1];. (A, is uniformly bounded and that = —y € Ay
Bor

for any z,y € B(0, L/4), the support of p1 1. The convergence of 14, p1,1, towards
PG in L' (R?) N L*(R?) then proves (5.58). Using the same argument for the term
De,, (pqn,vL) we obtain

. 1 1
Lh—r>I<1>o (_DGL(pQ27VL) + §DGL (pQvaQz>) = _D(pémy) + §D (pénvp(i)n) :

Finally
(5:59)  Jim B% 1 (QF) - erTrug, a,)(QF) = €(Q") — er (@)

Passing to the limit as n — 0 using (5.55) and the convergence of the Gram matrices
S7 and S¥, we eventually obtain

limsup £, ;, < &Y(Q) — erTr(Q) < EY, +e.

L—oo
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Step 3. Lower bound. We end the proof by showing that liminf; .., F >

EF L —
EY.. As Ap is bounded for any fixed L, the existence of a minimizer 1, of

per

Hlf{ sc, L(QL) —epTrp: AL)(QL)7 QL € ’CL}

is straightforward. In addition, the spectrum of H, SC 1, considered as an operator
on chr(A 1), being purely discrete and bounded below, @, is finite rank.

Using (4.4) and reasoning as in the proof of Lemma 1 (see Section 5.1.1), we
prove that there exists a constant ¢ > 0 (independent of L) such that |HY. | —ep| >
¢(1 —A) on L2 (AL), for L large enough. The following uniform bounds follow
from Step 2:

(5.60) Trrz, (an)([Hee — er| (@1 = QM) HL L —er|'/?) < C,
(5.61) Trrz, (a)((1+[VI)( Z“— L+ v <6
(5.62) Trrz, (a)(L+VNQLA+ V) < C,
(5.63) Dé,(pq, —ve,pq, —ve) < C,

with C independent of L. 5
Consider now the sequence of operators Qr, := (ir,)*Qrir acting on L*(R?). Tt
is bounded in &5(L?(R?)) by (5.62) and since Trp2(gs)(Q7) = Trr2 (a,)(Q%) by

Bor
(5.47). Hence @, weakly converges, up to extraction, to some Q € Sy(L?(R?)).
Similarly, the Hilbert-Schmidt operator Ry, := (i1)*Qr(1+|V|)ir weakly converges
up to extraction to some R in G5(L?(R?)). Let ¢ and ¢ be in C§°(R3) and assume
that Supp(¢) U Supp(v) C Ar. Then

(1) @u+ IV )izg ¥ agusy = {Quin) (1 +[VDingrw)
= Lo QUL+ V)0, ¥) 12p3),

where we have used that Q, — @ weakly in &y and that (iz)*(1+ |V|)ire — (1+
|V|)g strongly in L?(R?) by the third assertion of Lemma 13. Hence Q(1 + |V|) =
R € Go(L*(R?)).

Similarly, define the operator S; := (iL)*QZ_’LiL which is nonpositive and
yields a bounded sequence in &1(L?(R?)) by (5.61). Up to extraction, we may
assume that (Sz) converges for the weak-* topology to some S € &1(L?(R?)). To
identify the limit S, we compute as above for ¢, 1) € L?(R3),

<SL307¢>L2(R3) = <(iL)*/7£c,LQL75c,LiLSD7¢>L2(R3)
= (Qulin)fsive (i) eninv)
Using now the first assertion of Lemma 13 we obtain limy_, . <SLSD=¢>L2(R3) =
(Q™ "¢, ¢)L2(R3). Hence Q= = S € G;. The same arguments allow to conclude
that in fact, @ € K.
Now, let T, := (i)*|HY. | — 6F|1/2Q2_7L|HSOQL — ep|'/?ir, which also defines a
bounded sequence in &1(L?*(R?)). Up to extraction, we may assume that Ty, — T

for the weak * topology of &;. Arguing as above and using Lemma 13, we deduce
that T = |H),, — eF|1/2Q__|chr — ep|Y2. Now, Fatou’s Lemma yields

liminf Trpa o, (1HO, . — er/2(-Q; )| O, , — en]/2)

= ].ILIIi}OI(l)fTTLQ(RS)( TL) > TI‘LQ(RS) (| per — €F|1/2( __)l per 6F|1/2)
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This proves that
liminf Trrz (a,) ((HY.; — er)QL) > Tro(Hp.,Q) — erTro(Q).

We now study the term involving the density pg, . First, following the proof of
Proposition 1 and using the bounds (5.60)—(5.62), we can prove that there exists
a constant C' such that for all L large enough [pq, [, (ay) < C. Hence, up to

extraction, we have 15, po, — p weakly in L?(R?) for some function p € L?(R3).
We now introduce an auxiliary function p;, € L?(R3) defined in Fourier space as
follows:

—~ ¢k, (PQL) co,.(PQ.)
PL = Z | By |12 Ip, + ‘|BO|1/2
ke2rx73\{0}

1p,

where for any k € (2n/L)Z3\ {0}, By := B (k + ﬁ‘k‘, ﬁ) which is chosen to

ensure that 1/|k'| < 1/|k| for any k" € By, and By := B (0, 157 )-
Notice that py, is bounded in L?(R3) as we have by definition

2 —~12 2 2
frnd = C = .
/RB PL /RS 2 E lek,z(pQ. ) /AL PO

2
ke 2773

On the other hand (up to extraction) p;, — p weakly in L?(R3), the same weak
limit as 15, pg, . This is easily seen by considering a scalar product against a fixed
function ¢ € C§°(R?). Now by the choice of the balls By, we also have for L > 1

oL (K")?
|k|2 dk' < D¢, (pQvaQL) <C.

Hence, up to extraction we may assume that p;, — p weakly in C. Using the
regularity of 7, we also deduce that

.. 1 1
ininf (~De (pu v2) + 5Dc (e pe) ) = ~Dlp.) + 3D(p,p)

D(pr,pr) = 4m

What remains to be proved is that p = pg where Q is the weak limit of (i1)*Qrir
obtained above. This will clearly show

liminf £ ; > £(Q) — erTro(Q) > EY,

L—o0
and end the proof of Theorem 5. We identify the limit of 14, pg, using its weak
convergence to p in L?(R3).
We start with Poi+t and write, fixing some V' € C§°(R3) and assuming L large
enough for Supp(V') C Ay,

/ thJr,LV = TrLger(AL)( FF’LZ'L(V)) = TI"L2(R3)(ALBL) with
Ar

A= (i) A+ |VNQL T (A+|V])ir, By = (ir)*(1+|V) i (V)(1+|V]) g
The sequence (Ar) is bounded in &;(L?(R?)), hence in S5(L*(R?)), by (5.61) and
converges (up to extraction) towards (1 + |V|)QTT (1 + |V]) weakly in S5(L?(R?))
(we proceed as above to identify the weak limit using the fourth assertion of
Lemma 13). By Lemma 14, By, converges towards (1+|V|)~*V(1+4|V|)~! strongly
in G2(L?(R?)). We thus obtain

lim pQ++,LV = TrLz(RS)(Q++V) = / po++ V.
L—oo AL L R3

Likewise, it can be proved that the weak limit of Po-—1 is po---
L
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Let us now treat Pot—t (the other case Po-+L being similar). Following the
L L
proof of Proposition 1, we write

A szi’LV = TrLﬁcr(AL) ( Z_7L[730,L7iL(V)]>
L

1 _ _ . . _
=g | d#Tree A ( M= HE ) THAIL(V) —in(V)A) (2 — HY 1) 1) :
€

dim
We only detail the argument to pass to the limit in
Trrg, ne (QF Mz = HE )7 in(V)A(: = HY, 1))
= Triz, o) (A= HY )7 QF (e = HL 1) 7M1= )1 = 8)in (V)
= Trrees) (Cr(in)*(1—A) i (V)ir)

with Cp := (ip)*A(z — chyL)_le_’L(z — HY.;)"'(1 — A)ig. One has, up to
extraction, O, = A(z — HY,,) 7 'Q" (2 — HD,,) "' (1 — A) weakly in S2(L*(R?)).
To see this, one first remarks that Cf, is bounded in G2(L?*(R?)) and then identifies
the weak limit by passing to the limit in (Cp¢,) for some fixed ¢, € C§°(R3),
using the uniform convergence of the resolvent for z € €, as shown in the proof
of Lemma 13. Then by Lemma 14 we know that (iy)*(1 — A)~Yiy (V)i converges
towards (1 — A)~1V strongly in &2(L?(AL)), hence we can pass to the limit in the
above expression, uniformly in z € ¥. We conclude that

lim ]]‘ALpQLV:/ pQV
R3 R3

L—oo

for any V € C5°(R?), thus p = pqg. O

APPENDIX A. PROOF OF THEOREM 1

Our proof uses classical ideas for Hartree-Fock theories. See [23, Section 4] for a
very similar setting. Let us consider a minimizer 7)., of ID,, (it is known to exist by

[5, Thm 2.1]). First we note that the periodic potential Vier := (p40, = Hper) *r G1

is in L2 (R?). Thus Ve defines a A-bounded operator on L?*(R?) with relative
bound zero (see [27, Thm XII1.96]) and therefore HY,, = —A/2+V,, is self-adjoint

on D(—A) = H?*(R?) with form domain H'(R?). Besides, the spectrum of HJ,
is purely absolutely continuous, composed of bands as stated in [34, Thm 1-2] and
[27, Thm XIII.100]. The Bloch eigenvalues A;(§), k > 1, £ € I'* are known to be
real analytic in each fixed direction and cannot be constant with respect to the
variable £. Hence the function

C:ﬁHZHfEF* | Ax(§) < K}
k>1

is continuous and nondecreasing on R. The operator ngr being bounded from

below, we have C' = 0 on (—oo,inf A\ (I'*)) and it is known [34, Lemma A-2] that
lim,; 00 C(k) = 00. We can thus choose a Fermi level e such that

(A1) Z=Cler) =) HEET™ [ M(é) < er}l.

k>1

Considering a variation (1 —t)y., +ty for any v € PZ, and ¢ € [0,1], we deduce
that 7)., minimizes the following linear functional

1
v e PpZer = W /F TrLg(F) ((ngr)ﬂ&) dg,
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where HY, is the mean-field operator defined in (2.5). We subtract the chemical

per
potential e defined above and introduce the functional

1
v E Pper = F( ) (27_‘_) / TYLE(F) ((chr - EF){}%) dé-

Notice that since 2717)3 Jr- Trrzr) (ve)dE = Z for any v € PZ,, then ~9,, also

minimizes F' on P])Zcr

For any ¢ € T, we can find orthonormal functions e (€, -) € LZ(T) such that

(A2) pcr 5 - Z)‘k |6k <€k(§, )|7

k>1

each function (§,z) — ex(§, x) being measurable on I'* x I". Let us now define
0
v" € Pper by

(Oele) = Lo a&n.  a©={ 5 kg Se

E>1

per
We now prove that 7° is the unique minimizer of the function F defined above,

on the set Ppe, without a charge constraint. Since 7° € PPZer, this will prove that

Yoer = 7° and that ), is the unique minimizer of F on Pyer. We write

Saying differently 7v° = X(=o0,er] (H?.,). Notice er was chosen to ensure 7° € ,Ppir

FO) =FG") = @m) [ Doy (= erlely =1")e) de

= 3 [ On(©) - er)(een(e)sen(©))e — ou(6))d

k>1 -

where (-,-), is the usual inner product of LZ(T). Since 0 < v < 1 in L*(R?), w
have that 0 < 7¢ < 1 on LZ(T) and thus (yeex (&, -),ek(ﬁ, ) € [0,1], for almost
every £ € I'*. Hence, using the definition of i (£),

FO) = F%) = 20 [ Pal9) - erl x [freen(6,),en(6:0) - )] 2 0.

k>1

This shows that 4% minimizes F on PZ,.. If now F(y) = F(°), then necessarily
(veer(€, ), ex(§), ) = 0k(&) for almost every £ € I'* and any k > 1, the set {£ €
I* | 3k, M\x(§) = ep} having a Lebesgue measure equal to zero by [34, Lemma
2]. Using now that the operators 7¢ and (1 — 7)¢ are nonnegative, we infer that
Yeer(€) = 0k (£)ex(€) for all k > 1 and almost all £ € I'*. Hence v = 7" and 4" is the
unique minimizer of F. In particular 73, = 77, i.e. 7)., solves the self-consistent
equation (2.6).

Consider now another minimizer v of the energy €%, on PZ ., we recall that

per per’
Py = Pyo, as was shown in [5]. Hence the operators chr and 7° defined above do
not depend on the chosen minimizer. The above argument applied to v shows that
y="= ”yger, ie. ’yger is unique. O
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